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Abstract: We study the charged chiral matter spectrum of four-dimensional F-theory
compactifications on elliptically fibered Calabi-Yau fourfolds by using the dual M-theory
description. A chiral spectrum can be induced by M-theory four-form flux on the fully
resolved Calabi-Yau fourfold. In M-theory this flux yields three-dimensional Chern-Simons
couplings in the Coulomb branch of the gauge theory. In the F-theory compactification
on an additional circle these couplings are only generated by one-loop corrections with
charged fermions running in the loop. This identification allows us to infer the net number
of chiral matter fields of the four-dimensional effective theory. The chirality formulas can
be evaluated by using the intersection numbers and the cones of effective curves of the
resolved fourfolds. We argue that a study of the effective curves also allows to follow the
resolution process at each co-dimension. To write simple chirality formulas we suggest to
use the effective curves involved in the resolution process to determine the matter surfaces
and to connect with the group theory at co-dimension two in the base. We exemplify our
methods on examples with SU(5) and SU(5)× U(1) gauge group.
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1. Introduction
In the last years there has been vast progress in understanding four–dimensional F-theory
compactifications on elliptically fibered Calabi-Yau fourfolds. These compactifications can
admit non-Abelian gauge groups which arise from stacks of 7-branes. Geometrically this
corresponds to a degeneration of the elliptic fiber over divisors in the base wrapped by the
seven-branes [1, 2]. At the intersection of two such divisors matter fields are localized. The
presence of a 7-brane flux can lift part of the matter spectrum such that a net number of
chiral fields remain in the N = 1 low energy effective supergravity theory. The aim of this
paper is to determine formulas for the net number of such fields depended on the global
geometric data of resolved Calabi-Yau fourfolds and the specification of four-form fluxes.
To justify the proposed chirality formulas we will exploit the duality between M-theory
and F-theory, including one-loop corrections to the Chern-Simons terms in the effective
theories obtained from M-theory.
A first approach in the derivation of a chirality formula for the charged matter fields
along the intersection of two 7-branes was to use the local data of the geometry and gauge
bundle [3, 4, 5]. The required data included the classes of the matter curves and the
local two-form flux components on the 7-branes. For these consideration the input mainly
came from two directions. In [3, 5] a spectral cover construction, more familiar from the
heterotic string [6], has been used. In contrast, the formulas in [4] intensively use the local
7-brane gauge theory and more closely resemble the Type IIB analogs known from a weak
coupling picture with D-branes. Despite these successes it is in general hard to obtain a
global picture and develop the tools to study more complicated 7-brane configurations. In
addition to the construction of compact Calabi-Yau fourfolds a complete global treatment
has also to capture the flux data, which requires a deep understanding of the local singular
geometry near the 7-branes and its global embedding. An analysis of the global geometry is
particularly crucial when additional U(1) symmetries are present [7, 8]. Extensions of the
spectral cover techniques to global constructions have been proposed in [9, 10, 11, 12, 13].
In particular, in [10, 11, 13] consistency checks have been given to argue for the applicability
of the spectral cover techniques to specific compact settings. In the present work we will
take a different route, since we will specify the flux data directly on the resolved Calabi-Yau
fourfolds with no reference to a spectral cover construction.
Let us summarize our general strategy to derive chirality formulas in F-theory. Firstly,
note that to study F-theory compactifications one inevitably has to address the fact that
non-Abelian gauge groups arise from singular Calabi-Yau geometries X4 for which the
geometrical data determining the spectrum and couplings cannot be determined directly.
However, a natural way to deal with the singularities is to perform a resolution of the
singularities and work with the fully resolved Calabi-Yau fourfold X˜4. Such resolutions
can be performed using toric methods as in [14, 15, 10, 11, 16, 17, 18, 19], or stepwise as
recently shown in [20, 13]. The physics induced by the resolution process can be addressed
in the M-theory description of F-theory [1, 2]. M-theory compactification on an resolved
elliptically fibered Calabi-Yau fourfold yields a specific three-dimensional effective theory
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with a couplings which can arise from a four-dimensional N = 1 supergravity compactified
on a circle [21]. For the resolved Calabi-Yau fourfolds the theory will be in the Coulomb
branch of the three-dimensional gauge theory.
In the M-theory picture of F-theory the 7-brane fluxes correspond to four-form fluxes
G4 of the field-strength of M-theory three-form potential. Not all G4 fluxes will lift to a four-
dimensional F-theory compactification. Crucially one has to impose that the allowed fluxes
preserve four-dimensional Poincare´ invariance in the F-theory limit [22]. Further restriction
are imposed by demanding the existence of an unbroken four-dimensional gauge theory. It
was argued in [13] that there are G4 fluxes that satisfy these conditions, and reproduce the
four-dimensional chirality formulas known from the spectral cover construction of an SU(5)
model. The allowed G4 fluxes crucially involve the wedges of two-forms Poincare´-dual to
the exceptional resolution divisors. In this work we will give a physical interpretation of
this fact.
To link the G4 flux with the four-dimensional chirality it is crucial to point out that
the M-theory reduction on a Calabi-Yau fourfold with G4 flux induces terms in the three-
dimensional gauge theory which are not obtained by a classical circle reduction of a general
four-dimensional gauge theory. This can be inferred from the explicit reduction of [23, 21].
In fact, the M-theory reduction will induce Chern-Simons terms for the U(1) gauge-fields
in the Coulomb branch. We note that in the reduction of the four-dimensional theory
such terms must arise from one-loop corrections with charged fermions running in the
loop. This links the charged matter spectrum of the four-dimensional theory with the
G4-flux corrections of the M-theory reduction. We will show that this provides us with an
interpretation how the chiral matter spectrum can be determined from the flux data.
If the flux indeed encodes the net number of chiral fermions on the intersection curves of
two 7-branes, the chiral index has to be of the form χ(R) =
∫
SR
G4, as already anticipated
in [3, 5], and studied recently in [24, 13, 18]. Here R is the representation of the four-
dimensional gauge group in which the fermions transform. The intersection curve of the
two 7-brane in the base of X˜4 will be called matter curve ΣR if matter fields in the
representation R are located along this curve. The difficulty in evaluating the expression
for χ(R) is to give a global and universal definition of the surface SR. Using heterotic/F-
theory duality one expects that SR is obtained by fibering the resolution P
1’s over the
matter curve. In fact, in the M-theory picture the charged matter fields arise from M2-
branes wrapping the P1-fibers of the resolved geometry. The group theory matches this
geometric interpretation since the resolution P1’s over the matter curves can be associated
to the weights of the representation R [25, 26]. These states are massive on the resolved
space X˜4 and become massless in the singular F-theory limit.
To construct the matter surfaces for a given resolved Calabi-Yau fourfold we propose
to exploit the data encoded by the cone of effective curves, i.e. the Mori cone. It will be
crucial to select a subcone of the full Mori cone, the relative Mori cone, consisting of curves
in X˜4 which shrink when going to the singular space X4. This cone will be completed
into the extended relative Mori cone by including other effective curves in the elliptic fiber,
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which intersect the exceptional resolution divisors. In simple cases this simply amounts to
including the pinched elliptic fiber over the 7-brane. We will argue that the intersection of
these curves with the exceptional divisors allows us to identify a pairing between generators
of the extended relative Mori cone and weights of the four-dimensional gauge group. The
exceptional divisors correspond to the simple roots of the gauge group. The identification
of roots and weights with the geometric data has been proposed for local Calabi-Yau
threefolds in [25, 26, 13]. Note that a detailed analysis of which weights correspond to the
effective curves in the extended relative Mori cone also allows us to stepwise reconstruct
the resolution process along the co-dimension two and three singularity loci in the base of
X4. In this process, we make two assumptions. One is that the representation which can
appear along the co-dimension two singularity loci are the same as the one of the matter
fields localized along the curve. The second is that the degeneration of weights at the co-
dimension three singularity points obeys the algebra Gp when the singularity is enhanced
to a type Gp. These assumptions are exploited already in [27, 3, 4, 28] and have been
studied for compact settings in [13, 18]. With these assumptions and the extended relative
Mori cone at hand, we can generally determine the resolution process along the singularity
loci.
In this work we also include that case where additional geometrically massless U(1)
gauge fields are in the four-dimensional spectrum of the F-theory compactification. The
methods to determine the resolution structure using the extended Mori cone naturally
generalize to this situations, and one is able to explicitly construct the matter surfaces
SR also if distinguishing U(1)-charges of the representation R are present. However, one
can generalize the Ansatz for the G4 flux if one permits a gauging of the four-dimensional
U(1)-symmetries. Such extra fluxes render the U(1) massive, but allow to keep its global
selection rules. An explicit example how such extra U(1)’s can be consistently induced
in a Calabi-Yau fourfold compactification was given in [8], and termed U(1)-restricted
Tate model. The construction of fluxes in this model have been recently given in [24, 18].
In reference [24] a direct link to the chirality formulas for D7-branes and O7-planes was
established. For SU(5) models and their extensions it was shown in [18] that the chirality
formula can be evaluated using the ambient fivefold geometry in which the Calabi-Yau
fourfold is embedded. These techniques also allowed to reduce the G4 fluxes, using the
ambient fivefold, to a two-form flux on the base B, and reproducing the correct group
theoretical factors as required for a valid chirality formula. In our formalism this detour is
not required, and the U(1) case appears as natural part of a more general construction.
To illustrate the derivation of the net chiralities we will consider two explicit examples
of hypersurfaces in toric ambient spaces. The gauge theory will be SU(5) and SU(5)×U(1)
and we perform an explicit resolution of all co-dimension singularities as in [10, 11, 17, 8, 18]
by modifying the toric ambient space. We compute the net chiralities induced by a general
G4 flux compatible with four-dimensional Poincare´ invariance and the preservation of the
SU(5) gauge symmetry in both cases. Our results are compared to the spectral cover and
split spectral cover constructions [29, 9, 10], and we find match of the chirality formulas
for matter being localized near the SU(5)-brane as expected.
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2. F-theory chirality and three-dimensional Chern-Simons theories
In this section we give a derivation of the F-theory chirality formulas by using one-loop cor-
rections in a dual three-dimensional Chern-Simons theory. More precisely, we will exploit
the description of F-theory via M-theory to show that a four-dimensional chiral spectrum
can be induced by a special class of G4-form fluxes on a resolved Calabi-Yau fourfold X˜4.
This will lead to a derivation of formulas of the form
χ(R) = nR − nR∗ =
∫
SR
G4 , (2.1)
where SR is a four-cycle in X˜4. Here we have denoted by χ(R) the chiral index of nR
matter fields in the representation R minus nR∗ matter fields in the representation R
∗.
In order to interpret chirality formulas involving G4 we first have to summarize the
properties of a fully resolved Calabi-Yau fourfold X˜4 in section 2.1. In the compactification
of M-theory on X˜4 one can allow for G4 fluxes in the reduction. We describe the M-theory
and F-theory constraints on these fluxes in section 2.2. It is argued in section 2.3 that a
certain class of M-theory fluxes induces Chern-Simons couplings in the three-dimensional
effective theory. The matching these M-theory couplings with one-loop corrections of an
F-theory setup compactified on a circle leads to chirality formulas of the form (2.1).
For completeness we establish a similar analysis for F-theory compactifications to six
dimensions on elliptically fibered Calabi-Yau threefolds in appendix A. We include explicit
formulas for the SU(N) case. A more elaborated discussion of this duality including gravity
can be found in [30].
2.1 Resolving Calabi-Yau fourfolds
Let us consider an elliptically fibered Calabi-Yau fourfold X4 with fibers which can be
singular over each complex co-dimension of the base B. We further demand that these
singularities can be consistently resolved while still preserving the Calabi-Yau condition.
Numerous Calabi-Yau three- and fourfold examples with various gauge groups have been
constructed in refs. [14, 15, 10, 11, 16, 17, 18] as hypersurfaces and complete intersec-
tions inside a toric ambient space. One can show that the singularities are resolved by
adding new blow-up divisors to the ambient toric space. This can be done systematically
as argued in [14, 15]. Note that only on the resolved Calabi-Yau manifolds one can straight-
forwardly compute the topological data of the geometry. These are required to determine
the spectrum and couplings of the F-theory compactification [21]. The toric resolutions
are equivalent, at least at co-dimension one and two relevant here, to the small resolutions
performed for an SU(5) gauge group in [20, 13].1
For simplicity let us focus on geometries with a single gauge group G over a divisor
Sb = S ·B in the base B of the Calabi-Yau manifold. Here the dot denotes the intersection of
the divisors S and B. The resolved Calabi-Yau fourfold will be named X˜4 in the following.
1We like to thank D. Klevers for explicitly checking this equivalence.
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We denote the set of inequivalent exceptional resolution divisors and the Poincare´-dual
two-forms by
Di, ωi , i = 1, . . . , rank(G) . (2.2)
In addition we have divisors and Poincare´-dual two-forms
Dα, ωα , α = 1, . . . , h
1,1(B) , (2.3)
The divisors Dα are obtained from divisors in the base B as pre-image of the projection
π : X4 → B if there is no gauge group located along divisors Dα · B. However, after
the blow-up one has to modify the divisor S in X4 which hosts the gauge group G. One
introduces the redefinition
S = Sˆ +
∑
i
aiDi , (2.4)
where ai are the Dynkin labels of the group G. Note that this modification has to be taken
into account when introducing a basis Dα on X˜4. In such a basis one has the expansion
S = CαDα . (2.5)
The simplest situation is that S is one of the divisors Dα. Finally, if the elliptic fibration
only has a single section, we introduce the two-form ω0 Poincare´-dual to the base B itself.
There are various generalizations to this setup. In particular, the geometry can induce
additional U(1) factors due to its fibration structure or additional singularities over curves
in B. The number of extra U(1)’s is counted by
nU(1) = h
1,1(X˜4)− h
1,1(B)− rank(G) . (2.6)
A particular example with an extra U(1) is the U(1)-restricted Tate model discussed in [8].
The geometry is in this case restricted such that the discriminant locus develops an ad-
ditional singularity over a curve, which after resolution induces a new two-form ωX . In
general, each extra U(1) comes with a new element ω˜m of H
1,1(X˜4), and can be represented
by a divisor D˜m. Note that the two-forms ω˜m have intersection properties similar to the
ωi introduced above. Hence, it will be useful to introduce the combined notation
DΛ = (Di, D˜m) , ωΛ = (ωi, ω˜m) , Λ = 1, . . . , rank(G) + nU(1) . (2.7)
As we will recall below, the DΛ have to have special intersection properties such that the
corresponding gauge-fields are well-defined in four dimensions. This will allow to select an
appropriate basis for DΛ.
It is important to stress that in F-theory the resolution X˜4 is not physical. In fact,
the F-theory compactification to four space-time dimensions has to be carried out on the
singular space X4 where the full non-Abelian gauge symmetry is present. However, the
space X˜4 can be used in the dual M-theory compactification. Recall that it is natural to
describe F-theory via M-theory [1, 2]. Starting with M-theory this interpretation requires
to perform a T-duality along one of the one-cycles of the elliptic fiber of X4 after going to
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Type IIA by shrinking the size of the elliptic fiber. Note that in the dual Type IIB setup
the shrinking of the elliptic fiber corresponds to a decompactification to four space-time
dimensions. The compactification on the resolved space X˜4 is thus only possible in the
M-theory picture, before shrinking the sizes of the elliptic fiber and the resolution divisors.
In such a generic point in the Ka¨hler moduli space of X˜4, one is in the Coulomb branch of
the three-dimensional gauge theory obtained by the M-theory compactification. The gauge
group is
U(1)rank(G) × U(1)nU(1) . (2.8)
The U(1) gauge bosons arise from the expansion of the M-theory three-form C3 into the
two-form ωΛ introduced in (2.7) as
C3 = A
Λ ∧ ωΛ , Λ = 1, . . . , rank(G) + nU(1) . (2.9)
Only in the limit in which the exceptional divisors Di shrink to the holomorphic surface S
one recovers the non-Abelian gauge symmetry G present in the four-dimensional F-theory
compactification.
Having a fully resolved Calabi-Yau fourfolds X˜4, one can compute the complete set of
intersection numbers, and other topological data such as Chern classes. Let us here sum-
marize the structure of intersection numbers. For a hypersurface or complete intersection
in a toric ambient space they can be determined explicitly by inducing the intersection
structure of the ambient space. The intersections depend on the ‘triangulation’ as we will
make more precise for the examples below. This implies that there will be various topolog-
ical phases associated to an ambient space and its Calabi-Yau manifold [31]. We introduce
the quadruple intersections as
KABCD =
∫
X˜4
ωA ∧ ωB ∧ ωC ∧ ωD , (2.10)
where ωA = (ω0, ωα, ωΛ). For resolved elliptically fibered Calabi-Yau fourfolds one has
several vanishing conditions for the intersection numbers. Firstly, recall that for four
divisors inherited from the base B one obviously has
Kαβγδ = 0 . (2.11)
More subtle are the vanishing intersections involving the blow-up divisors DΛ. The follow-
ing vanishing conditions hold:
KΛαβγ = 0 , K0ΛAB = 0 , (2.12)
where A,B run over all possible indices as in (2.10). To justify this recall that ωΛ pa-
rameterizes the U(1)’s in (2.8) through the expansion (2.9). However, these are three-
dimensional gauge fields in an M-theory compactification on X˜4. In order that they lift to
four-dimensional gauge fields the two conditions (2.12) have to be satisfied [21]. In fact, for
the explicit resolutions performed below, this condition is satisfied for an appropriate basis
DΛ. Clearly, the conditions (2.12) are consequences of the geometry of resolved elliptic
fibrations.
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Let us now turn to the non-vanishing intersections. For a single gauge group G with
resolution divisors Di one finds
Kijαβ = −Cij C
γ K0αβγ , (2.13)
where Cα has been introduced in (2.5). Cij is the Cartan matrix of the algebra associated
to the gauge group G. Note that the conditions (2.11), (2.12) and (2.13) are independent
of the phase, or triangulation, of the resolution part of X˜4.
2 Of crucial importance for the
chirality formulas will be the intersection numbers:
KαΛΣΓ , KΛΣΓ∆ , (2.14)
with three or four exceptional divisors DΛ introcuded in (2.7). These crucially depend on
the phase as we will see below. Let us note that the basis used for the computation of
these intersection numbers is adapted to the structure of the elliptic fibration. A basis
adapted to the Ka¨hler cone, measuring positve volumes in the Calabi-Yau manifold, will
be discussed in section 3.1.
2.2 G4-form fluxes and their F-theory interpretation
In this section we introduce the G4 fluxes on the resolved Calabi-Yau fourfold X˜4. The
G4 fluxes have to be considered in the M-theory picture of F-theory and correspond to
a non-trivial field strength of the M-theory three-form C3. Together with the results of
section 2.3, this will allow us to find the set of fluxes which induce a net chiral matter
spectrum along the intersection curves of the 7-branes in the F-theory limit.
Let us first summarize some of the key properties of G4. The flux is an element of
the fourth cohomology group H4(X˜4,R). It can be split into a horizontal and vertical
part H4V ⊕ H
4
H , where H
4
V is obtained by wedging two forms of H
2(X˜4,R), and H
4
H are
the four-forms which can be reached by a complex structure variation of the holomorphic
(4, 0)-form on X˜4. In the following we will be concerned with fluxes in H
4
V (X˜4,R), which
can be written as
G4 = m
ABωA ∧ ωB , (2.15)
where ωA is the basis introduced in section 2.1. There are constraints on G4, both from
an M-theory and an F-theory perspective. Firstly, M-theory anomalies demand that G4 is
properly quantized [32]
G4 +
1
2c2(X˜4) ∈ H
4
V (X˜4,Z) . (2.16)
This condition is crucial for fluxes in H4V since the second Chern class c2(X˜4) is in this
component of H4. The quantization condition has recently been discussed in [33, 18] for
specific gauge groups or specific geometries. However, let us stress that in general it is a
hard question to determine a minimal integral basis of H4V (X˜4,Z).
3
2In might be necessary to reorder the divisors Di to keep the same form of (2.13).
3In particular, even if one shows that a component of c2(X˜4) can be written as a ω ∧ ω˜ for the effective
ω, ω˜, the integrality of the coefficient a does not imply that a
2
ω∧ω˜ is non-integral. A fancy way to determine
an integral basis is by using mirror symmetry [34].
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Let us now turn to the constraints on G4 imposed in the F-theory perspective. In
order that the M-theory fluxes G4 actually lift to F-theory fluxes without breaking four-
dimensional Poincare´ invariance and keeping the whole group G unbroken, we have to
enforce that various components of G4 vanish. In order to do that we define
4
ΘAB =
∫
X˜4
G4 ∧ ωA ∧ ωB . (2.17)
The fluxes relevant for our F-theory compactifications have to satisfy
Θ0α = 0 , Θαβ = 0 ,
Θiα = 0 . (2.18)
Let us comment on these various constraints. The first two constraints are conditions on the
existence of a Poincare´ invariant four-dimensional theory. Θ0α correspond in the M-theory
to F-theory limit to fluxes along the circle when performing the 4d/3d compactification as
discussed in detail in [36]. The fluxes Θαβ are mapped to non-geometric fluxes in F-theory
and make the existence of a four-dimensional effective theory questionable. Note that the
fluxes ΘΛ0,Θ00 are automatically vanishing due to (2.12), and the fact that Θ00 = Θ0αK
α
with a vector Kα parameterizing the first Chern class of B. The second line in (2.18)
are conditions on an unbroken gauge group G. Θiα is readily interpreted in the M-theory
to F-theory limit. These fluxes have a four-dimensional interpretation and would induce
gaugings of the axionic parts of the complexified Ka¨hler moduli. This yields a breaking of
the group G, which we demand to be unbroken in our considerations. In summary, we find
that the only non-vanishing components of ΘAB are given by
ΘΛΣ =
∫
X˜4
G4 ∧ ωΛ ∧ ωΣ , Θαm =
∫
X˜4
G4 ∧ ωα ∧ ω˜m . (2.19)
where ωi, ωj are the two-forms Poincare´ dual to the resolution divisors, and ω˜m are the
forms parameterizing extra U(1)’s as introduced in (2.7).
Let us make some further comments on the significance of Θαm. In (2.18) we have
demanded Θαi = 0 to prevent breaking the gauge group by a gauging involving the Cartan
generators only. For the extra U(1)’s such a gauging is precisely induced by Θαm, and we
did not restrict to the case where it has to vanish. In fact the gauge invariant derivatives
are
DTα = dTα + iΘαmA
m . (2.20)
Here Tα are the complexified Ka¨hler volumes of the divisors in the base B. The precise
definition of Tα as well as the lift of (2.20) from M-theory to F-theory can be found in
[21, 35]. The presence of the gauging (2.20) implies that the U(1) can become massive by
a Higgs effect. In fact, Am can ‘eat’ the imaginary part of Tα and gain a new degree of
freedom as required for a massive U(1). Due to supersymmetry such a gauging induces
also a D-term, which gives a mass to the real part of Tα. This massive scalar appropriately
combines with Am into a massive four-dimensional N = 1 vector multiplet.
4Note that we changed the definition of ΘAB compared with [35, 36]. The chosen definition will be
convenient in the match with the four-dimensional result.
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2.3 Four-dimensional chirality formula from three-dimensional loops
Recall that in order to find a well-defined framework to deal with fluxes in F-theory we
have used the fact that F-theory can be obtained as a limit of M-theory. In this limit four-
dimensional F-theory compactifications on a singular Calabi–Yau fourfold X4 are obtained
from an M-theory compactification on the resolved fourfold X˜4 in the limit of shrinking
elliptic fiber and shrinking exceptional divisors. The two setups are best compared in three
dimensions where the M-theory compactification on X˜4 has to match a circle compactifi-
cation of the four-dimensional F-theory effective action [21]. In the following we will argue
that the M-theory compactification with G4 induces additional Chern-Simons terms which
are not induced by a classical Kaluza-Klein reduction of a four-dimensional N = 1 gauge
theory on a circle. The match is achieved only after including one-loop corrections with
charged matter fermions running in the loop.
Let us start by recalling some crucial facts about M-theory on a Calabi-Yau fourfold
X˜4 [23, 21]. As in (2.8) the three-dimensional gauge group is broken to U(1)
rkG×U(1)nU(1)
when performing the reduction on a resolved Calabi–Yau fourfold. Hence, the M-theory
effective theory will be in the Coulomb branch in three-dimensional gauge theory. Note
that the three-dimensional N = 2 vector multiplets contain as bosonic fields
(ξΛ, AΛ) , Λ = 1, . . . , rkG+ nU(1) , (2.21)
where the ξΛ are real scalars. The AΛ are the U(1) gauge fields from the dimensional
reduction of the M-theory three-form as in (2.9), while the ξΛ parameterize the size of the
blow-ups in the M-theory compactification on X˜4. The ξ
Λ arise in the expansion of the
normalized Ka¨hler form J˜ = J · V−1, where V is the overall volume of X˜4. Explicitly, one
expands
J˜ = ξΛωΛ + L
αωα +Rω0 , (2.22)
where ωα, ωΛ are the two-forms introduced in (2.3), (2.7), and ω0 is the Poincare´ dual to
the base B.
The key observation is that the inclusion of G4 fluxes in the M-theory reduction induces
a Chern-Simons term in the three-dimensional effective action. In particular, for the vector
multiplets (2.21) one finds a Chern-Simons term
S
(3)
CS =
1
4
∫
M2,1
ΘΛΣA
Λ ∧ FΣ (2.23)
where ΘΛΣ is given in terms of the G4 flux as in (2.19), and F
Λ is the field strength of AΛ.
Due to the N = 2 supersymmetry of the three-dimensional theory ΘΛΣ has to be constant,
which is consistent with (2.19).
We now turn to the F-theory picture, and consider a general N = 1 gauge theory
compactified to three dimensions on a circle. The four-dimensional theory is identified with
the low energy effective theory obtained by reducing F-theory on a Calabi-Yau fourfold X4.
In the four-dimensional theory the charged fermions χs appear with a kinetic term [37]
Krs¯χ¯
s 6Dχr , (2.24)
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where Dµ is the covariant derivative under the four-dimensional gauge group, and Krs¯
is the Ka¨hler metric for the matter multiplets. After compactification on S1, the terms
(2.24) will induce a coupling of the fermions to the S1-component of the four-dimensional
vectors. These components are identified with the ξΛ if one move to the Coulomb branch
of the gauge theory [21], where the vector fields also span the Abelian group (2.8). The
resulting three-dimensional coupling is a mass term for the χr with mass parameter ξΛ.
We aim to compare the three-dimensional theories of M-theory and F-theory after Kaluza-
Klein reduction. In a general framework of three-dimensional Abelian gauge theories, the
quantum-corrected coupling of the Chen-Simons term 12
∫
(kΛΣ)effA
Λ ∧ FΣ can be written
as [38]
(kΛΣ)eff = (kΛΣ)class +
1
2
∑
f
(qf )Λ(qf )Σ sign
( rkG∑
Γ=1
(qf )Γξ
Γ + m˜f
)
, (2.25)
where the second term arises from a one-loop diagram with charged fermions running in the
loop. Hence, f runs through all the charged fermions, (qf )Λ is a U(1)Λ charge and m˜f is the
classical mass of the fermions. Since the three-dimensional theories we consider originate
from the dimensional reduction of four-dimensional N = 1 supersymmetric gauge theories,
the classical Chern-Simons term with these indices is absent [21, 36], i.e. (kΛΣ)class = 0.
Furthermore, since the fermions are massless in the F-theory limit ξΛ → 0 one also has
to set m˜f = 0. Therefore, comparing the Chern-Simons couplings (2.23) of the M-theory
reduction with the general one-loop expression (2.25) we find the relation5
ΘΛΣ =
1
2
∑
f
(qf )Λ(qf )Σ sign
( rkG∑
Γ=1
(qf )Γξ
Γ
)
. (2.26)
This expression gives the link between the G4 fluxes on X˜4 and the number of fermions
running in the loop if the charges (qf )Γ, and the sign-factors are given. We will now
determine these data using the geometric M-theory setting.
To see how the right-hand side of (2.26) can be written by the geometric data we have
to recall how the fermionic states arise in M-theory. Recall that in F-theory the matter
fields arise from strings stretching between two 7-branes intersecting over a matter curve
ΣR. Here we will indicate by R the representation of the four-dimensional gauge group in
which the matter fields localized on this curve transform. In the M-theory picture these
string states correspond to M2-branes. More precisely, in the resolved phase X˜4 the matter
multiplets arise from M2-branes wrapped on the resolution P1’s fibered over the matter
surface [2]. Crucially, one can establish a map between the weights of the representation
R and the resolution P1 fibered over the matter curves ΣR [25, 26, 13]. Therefore we
will denote the resolution curves associated to a weight w by Cw. We will discuss this
identification in much more detail in section 3. Using this map one can give a geometric
formula for the U(1)Λ charge of an M2-brane wrapping on a curve Cw. The charge (qf )Λ
5In the match of M-theory with F-theory a factor 1/2 has to be taken into account. This has been
discussed in [35, 36] for the gauge coupling function fM = 1/2fF, fF is the three-dimensional gauge coupling
obtained after circle reduction.
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for the fields is given by
(qf )Λ = q
w
Λ =
∫
Cw
ωΛ , (2.27)
where we have used that U(1) charge of a fermion does only depend on the weight to which
it corresponds. The real scalar ξi is obtained from the expansion of the Ka¨hler form as in
(2.22). Hence, we can rewrite the sign part of (2.26) as
sign
rkG∑
k=1
(qf )kξ
k = sign
∫
Cw
J˜ ≡ sign(w) , (2.28)
for a matter field in a weight w. Here we have used the abbreviation sign(w) to indicate
when a curve is positive or negative, i.e. we introduce the notation
w > 0 ⇔
∫
Cw
J˜ > 0 , (2.29)
w < 0 ⇔
∫
Cw
J˜ < 0 .
Motivated by the appearance of this sign-factor in (2.26) we will in section 3 introduce in
detail the notion of the relative Mori cone. Roughly speaking, the curves in the relative Mori
cone are precisely the resolution curves Cw for which the sign (2.28) is positive. Therefore,
providing the techniques to determine the relative Mori cone of a compact Calabi–Yau
fourfolds will determine the signs in (2.26).
Let us denote by nr the number of fermions in the effective three-dimensional theory
transforming in a representation r. Using (2.27) and (2.28) we can rewrite (2.26) as
ΘΛΣ =
1
2
∑
r
nr
∑
w∈W (r)
qwΛ q
w
Σ sign(w) , (2.30)
where the sum runs over all representations for which nr fermions appear in the spectrum.
From the expression (2.30), one can see that vector-like pairs drop off from the contribution
to the Chern-Simons term. If there is a vector-like pair, we always have a pair of weight
w and −w and their U(1) charges are opposite q−wΛ = −q
w
Λ . Then, the contribution from
the vector-like pair is
qwΛ q
w
Σ sign(w) + (q
−w
Λ )(q
−w
Σ ) sign(−w) =
qwΛ q
w
Σ sign(w) + (−q
w
Λ )(−q
w
Σ ) (−sign(w)) = 0 (2.31)
Therefore, only the chiral indices χ(R) = nR − nR∗ with some numerical factors appear
in the right-hand side of (2.30). Clearly, for a given setup one can simply compute the qwΛ
and determine the signs (2.28). This allows to read off χ(R). Formally, one can write this
as
χ(R) = tΛΣR ΘΛΣ , (2.32)
where tΛΣR is a matrix associated to the representation R. In fact, t
ΛΣ
R determines the
matter surface SR appearing in (2.1). In the next section we will present a formalism to
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compute tΛΣR explicitly for a given Calabi-Yau geometry. Let us stress that in the evaluation
of (2.30) one uses the three-dimensional fermion spectrum. However, due to the fact that
this three-dimensional is obtained as a S1 compactification of a four-dimensional theory
arising from an F-theory compactification, the zero mode spectrum in the three dimensional
theories should match that in the four-dimensional theories. In other words, (2.1) equally
determines the chirality in F-theory compactifications on the Calabi–Yau fourfold X4. One
could suspect that there are other modes running in the loop which arise from the Kaluza-
Klein tower in the circle compactification. It will be shown in [30] that such modes generate
other Chern-Simons couplings but do not contribute in (2.30).
In summary, we need the following data in order to evaluate (2.30) and to determine
the chiral index
• A detailed identification of the weights w with the resolution curves Cw for a given
resolved compact Calabi-Yau fourfold.
• The information about of the sign the Ka¨hler form J˜ integrated over the curves Cw.
Both of these data will be induced in detail in section 3, and evaluated for specific examples
in section 4.
To end this section, let us point out that there is an elegant way to encode the match
(2.26) by a single auxiliary function T . One defines T such that its second derivative with
respect to ξΛ will generate (2.26). Hence, one has
ΘΛΣ = 2 ∂ξΛ∂ξΣT . (2.33)
From the M-theory perspective a natural definition of T is
T =
1
4
∫
X˜4
J˜ ∧ J˜ ∧G , (2.34)
which indeed satisfies (2.33). Let us isolate the part T c of T which encodes the data about
the fermionic spectrum running in the loop by defining T c = 12ξ
ΛξΣ∂ξΛ∂ξΣT . Then the
condition (2.30) translates into
T c =
1
8
∑
r
nr
∑
w∈W (r)
∫
Cw
J˜
∣∣ ∫
Cw
J˜
∣∣ . (2.35)
Note that the real function T as defined in (2.34) is well-known in the M-theory and F-
theory reductions [23, 21, 36]. It encodes not only data about the spectrum, as argued
here, but also encodes the three-dimensional scalar potential. In fact, after performing the
F-theory limit also the four-dimensional D-terms can be read off from this real function
[21]. For example, in the complete expansion of (2.34) also the components Θmα appearing
in the U(1)-gaugings (2.20) are included and generate the corresponding D-terms.
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3. Strategy to derive chirality formulas on resolved fourfolds
In this section we will describe our strategy to explicitly evaluate the formula (2.1) to
determine the four-dimensional chiral spectrum induced by non-trivial G4 flux. The section
is divided into several parts which stepwise introduce the geometrical tools to perform the
computations. A particular focus will be on the determination of the matter surfaces using
the Mori cone generators of the resolved Calabi-Yau fourfold. In outlining the tools we
will also explain how details of the resolution process at co-dimension two and three in the
base B can be inferred from the compact geometry using the Mori cone. The discussion
of this section will be kept rather general. Examples for which these computations can be
carried out explicitly are postponed to section 4.
3.1 The relative Ka¨hler and Mori cone
We have seen in the previous section 2.3 that the evaluation of the one-loop corrections
(2.30) requires a detailed knowledge of the positivity of the resolution curve classes. In the
following we want to formalize this further. We therefore endow the space of divisors of
the resolved fourfolds X˜4 with a cone structure by singling out positive Ka¨hler forms. This
will allow us to define the relative Ka¨hler cone and relative Mori cone.
Recall that the Ka¨hler cone is spanned by Ka¨hler forms J satisfying the positivity
conditions
∫
Σk J
k > 0, where Σk are k-dimensional holomorphic submanifolds of X˜4. The
Ka¨hler cone can be spanned by a basis of two-forms or, equivalently, a basis of divisors.
The cone dual to the Ka¨hler cone is known as the Mori cone. It is spanned by a basis of
effective curves combined with positive coefficients. In the following we want to introduce
the relative Ka¨hler and Mori cones, which parameterize fields which are driven to a special
limit when blowing down the resolutions. Note that the exceptional divisors Di correspond
to the simple roots of G. Since the weights are elements of the dual space to the simple
roots, the weights correspond to holomorphic curves ΣI inside the Mori cone, such that
Di ⇒ roots , ΣI ⇒ weights . (3.1)
The intersections Di ·ΣI corresponds to the natural dual pairing of weights and roots. We
will discuss the precise identification of a given curve with a weight in the next subsection.
In the following we want to first give the definitions of the relative cones.
In the shrinking limit of the exceptional divisors DΛ, there are holomorphic curves Σ
which are contained in DΛ and map to points in X4. We will call the space of all such
shrinking curves the relative Mori cone:
M(X˜4/X4) = {Σ | Σ effective curve mapping to a point in X4}. (3.2)
In the M-theory interpretation of the F-theory compactification the charged matter fields
arise from M2-branes wrapping on the holomorphic curves Σ as discussed in section 2.3.
We have seen in (2.30) that the evaluation of the chirality requires a knowledge about the
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positivity of the curves. Later on we will also argue that the relative Mori cone plays a
crucial role to identify the resolution process of higher co-dimension singularities.
The dual cone to the relative Mori cone is called the relative Ka¨hler cone K(X˜4/X4).
Hence, the relative Ka¨hler cone can be defined as
K(X˜4/X4) = {D =
∑
sΛDΛ | D · Σ > 0 for all Σ ∈M(X˜4/X4)}. (3.3)
Note that the relative Ka¨hler cone for the Cartan generators of G realized on a singular
Calabi-Yau threefold was already introduced in [25]. In this case the negative relative
Ka¨hler cone is identified with the sub-wedge of the Weyl chamber of G in five dimensional
gauge theories.
Let us introduce a natural extension of the relative Mori cone. We will add additional
generators to M(X˜4/X4) which are effective curves in the elliptic fiber, i.e. the Mori cone
elements, and intersect the generators of the relative Ka¨hler cone. In simple cases this
amounts to including the pinched elliptic fiber over the 7-brane. We will call the resulting
cone M̂(X˜4/X4) the extended relative Mori cone. Clearly, we can similarly introduce the
extended relative Ka¨hler cone K̂(X˜4/X4) dual to M̂(X˜4/X4). The cone K̂(X˜4/X4) will
contain one more generator D0 = Sˆ which corresponds to the extended node of the Dynkin
diagram of G. This generator allows to extend (2.13) to
KIJαβ = −CIJ C
γ K0αβγ , (3.4)
where I = (0, i) and CIJ is the extended Cartan matrix.
3.2 Mori cone, singularity resolution, and connection with group theory
Having determined the relative Mori and Ka¨hler cone, we now want to make contact with
the group theory of the seven-brane gauge theory with gauge group G. Our key point will
be the precise association of some weights of a representation of the gauge group with the
elements of the relative Mori cone.
3.2.1 General discussion
We start more general and introduce the charge vectors ℓI,A given by intersecting curves
ΣI in the Mori cone with divisors DA in X˜4 as
ℓI,A =
∫
ΣI
ωA = ΣI ·DA . (3.5)
We will determine the ℓI,A for specific examples in section 4. Let us make here some
general comments, denoting henceforth by ℓI the vector with entries (3.5). For Calabi-Yau
fourfold examples which are realized as hypersurfaces or complete intersections in a toric
ambient space one determines the vectors ℓI in two steps [39, 40, 41]. Firstly, one uses
the set of toric divisors DA of the ambient space and derives the ℓI using the Mori cone
generators of the ambient space. Since the ambient space can admit many triangulations,
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i.e. topological phases connected by flop transitions, one obtains for a given geometry
several sets of vectors ℓ
(I)
I , ℓ
(II)
I , ℓ
(III)
I , . . ., each set associated to a phase. Restricted to the
Calabi-Yau manifold X˜4 it can happen that different triangulations of the ambient space
are connected by flops of curves which are not in X˜4. This implies that several sets of the
ambient space ℓ-vectors have to be combined to describe the ℓ-vectors of the Calabi-Yau
manifold X˜4.
6 Clearly, it will be our task to determine these vectors ℓI for X˜4 itself in
section 4. For completeness a brief account of the general procedure to determine the
ℓ-vectors for a Calabi-Yau hypersurface is given in appendix B.
Let us now make contact with the gauge theory on the 7-branes. We recall that we
are working with the resolved fourfold X˜4 and hence are on the Coulomb branch in the
M-theory compactification to three dimensions. The geometrically massless gauge fields
are then parameterizing the Abelian group (2.8), U(1)rank(G) × U(1)nU(1) . In connection
with this gauge group it will be crucial to analyze the ℓ-vectors associated to U(1)-charges
for the divisors DΛ. These are given by
ℓI,Λ = ΣI ·DΛ , (3.6)
where DΛ = (Di, D˜m) as in (2.7). In particular, for the Cartan U(1)’s in G one has the
Cartan charges ℓI,i = ΣI · Di, where Di are the resolution divisors corresponding to the
Cartan generators of G. One realizes that a curve ΣI will be in the relative Mori cone if it
has negative intersection with one of the DΛ:
ℓI,Λ < 0 ⇒ ΣI ∈M(X˜4/X4) . (3.7)
In fact, if the curve ΣI has the negative intersection with DΛ, ΣI is contained in DΛ and
shrinks to a point in X4. Note that if a curve ΣI is in the base B itself, the intersection with
the DΛ vanishes due to the intersection structure (2.12). This is consistent with the fact
that such curves have no U(1)-charges under the group (2.8), and are not in the relative
Mori cone.
By computing the U(1)-charges of a curve ΣI with respect to the DΛ, one can next
determine a weight which reproduces the same U(1) charges, and associate the weight to
the curve ΣI or the ℓ-vector ℓI . This leads to the identification
ℓI ∼= weight of a representation of G . (3.8)
Using this method one can associate a weight of G to each generator of the relative Mori
cone. This allows us to determine which weights w correspond to the effective curves and
which weights do not. Since we know the weights which correspond to the generators
of the relative Mori cone, other weights which correspond to effective curves should be
realized by a linear combination of the weights in the relative Mori cone with positive
integer coefficients. Applying this process, we determine the complete correspondence
6By abuse of notation we have used the same symbols and indices for the ℓ-vectors of the ambient space
and the Calabi-Yau manifold X˜4. Let us stress that even the number of ℓ-vectors can differ for the two
geometries.
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between the weights and the effective curves. Consistent with (2.29) we use the following
simplifying notation
w > 0 ⇔ w corresponds to an effective curve (3.9)
w < 0 ⇔ w does not correspond to an effective curve .
We argue in the following that details of the resolution process are contained in this infor-
mation.
Before turning to the resolution process, let us briefly comment on how one can also
represent the roots as curves. In fact, due to the intersection numbers (2.13), we can
always introduce a curve C−αi associated to the negative of a simple root αi by the triple
intersection of three divisors
C−αi = Di · D˜ · D, (3.10)
where D˜ = vαDα and D = s
αDα are linear combinations of the divisors Dα inherited from
the base. To ensure the correct normalization of the simple root αi these divisors have to
satisfy the condition
B · S · D˜ · D = 1 . (3.11)
Hence, for Di, D˜,D being holomorphic hypersurfaces of X˜4 the curves which correspond to
the negative simple roots are effective curves and elements in the relative Mori cone. The
situation is different for the weights. Some of the weights do not correspond to effective
curves. However, if one finds a weight which corresponds to an effective curve, one can
construct other weights corresponding to effective curves from a linear combination of
the original weight and the negative simple roots with positive integer coefficients. This
does not mean that all the weights correspond to effective curves since some weights need
negative coefficients for their construction.
The co-dimension one singularities in B over the surface Sb determine the gauge group
G on the 7-branes. Generically, there are also co-dimension two and co-dimension three
singularities. Physically, charged matter fields are localized on the co-dimension two sin-
gularities and the Yukawa interaction between these fields is generated from co-dimension
three singularities. Focusing on G we realize that the Cartan divisors Di are P
1-fibrations
at the generic points in the surface Sb. However, the P
1-fibers may degenerate into smaller
irreducible components along the singularity enhancement locus where the matter and
Yukawa couplings are localized. The resolution of the co-dimension one singularity gener-
ates the extended Dynkin diagram of G. The resolution of the higher co-dimension singu-
larity will generate another Dynkin diagram which may have a rank larger than rank(G).
We propose rules to determine the Dynkin diagrams from the resolution of the higher
co-dimension singularity by exploiting the relative Mori cone.
Let us consider a situation where the charged matter fields in the representation of R
and R∗ of G are localized along the co-dimension two singularity enhancement locus ΣR.
From the relative Mori cone, one can determine whether a weight of R or R∗ corresponds
to a effective curve or not. Then, the rule to determine the degeneration of P1 along ΣR
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is that the negative of a simple root decomposes into a weight of R and a weight of R∗ if
both of them correspond to effective curves. If a curve corresponding to a weight lies in the
relative Mori cone it is an effective curve. In this decomposition process one has to use the
generators of the extended relative Mori cone as much as possible. In particular, one checks
if the weight of R found in the decomposition can be further decomposed into a weight of
R and the negative of a simple root, and if either of them is an element of the relative Mori
cone or corresponds to the extended node. In this evaluation one should not mix with the
weight of the other representation. Also, since the negative of a simple root is a generator
of the relative Mori cone, it does not need to be decomposed further. By collecting all the
irreducible components along ΣR plus a curve corresponding to the extended Dynkin node,
one can construct a Dynkin diagram generated from the resolution along the co-dimension
two singularity locus ΣR. To make this algorithm more clear without introducing all the
details of the global geometry we give a simple SU(5) example in subsection 3.2.2.
The co-dimension three singularity enhancement occurs at a point p where at least two
co-dimension two singularity loci intersect:
p = ΣR · ΣR′ ⊂ Sb . (3.12)
Here we suppose that the charged matter fields in the representation of R and R∗ localized
on one curve ΣR, and other charged matter fields in the representation of R
′ and R′∗
are localized along the other curve ΣR′ . Although the Dynkin diagram obtained from the
resolution along the locus ΣR consists of some of the weights of R, weights of R
∗ and the
negative simple roots, the weights of R′ and the weights of R′∗ can also form the nodes
of the Dynkin diagram from the resolution at the co-dimension three singularity point p
obtained (3.12). Hence, a weight of R,R′∗ or the negative of a simple root of G further
decomposes at p if they are made of effective curves which correspond to any weights of
R,R∗,R′,R′∗ and the negative simple roots of G. When the singularity is enhanced to
Gp ⊃ G at p, this decomposition has to obey the algebra of Gp. From this decomposition
rule, one can obtain all the weights and simple roots which form a Dynkin diagram obtained
from the resolution of the co-dimension three singularity at p.
3.2.2 A simple SU(5) example
Since this explanation is rather abstract, let us illustrate the above procedure on a simple
example with gauge group SU(5). The representations are the R = 5, and R = 10 along
enhancement curves Σ5 and Σ10 respectively. We will not introduce the complete geometry
here, but rather focus on the determination of the Dynkin nodes over the enhancement loci.
In other words we assume the the ℓ-vectors have been determined for a given geometry,
and the association of the generators of the relative Mori cone with the weights of SU(5)
has been performed. We consider the following identification:
ℓ˜1 ∼= −e3, ℓ˜2 ∼= e3 + e4, ℓ˜3 ∼= −e1 + e2, ℓ˜4 ∼= −e2 − e4 , (3.13)
where ℓ˜i are the ℓ-vectors generating the relative Mori cone, and ei are a orthonormal basis
of R5 allowing to represent the roots and weights for SU(5) and its representations. A
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compact Calabi-Yau fourfold which exactly yields the identification (3.13) can be found in
section 4.1, see equation (4.5).
We first want to determine the weights which appear as curves in the relative Mori
cone. For the weights of the 5 representation, −e3 corresponds to an effective curve from
the generators of the relative Mori cone (3.13). Then, it is straightforward to see
e4 = (−e3) + (e3 + e4), (3.14)
−e2 = (−e2 − e4) + (−e3) + (e3 + e4), (3.15)
−e1 = (−e1 + e2) + (−e2 − e4) + (−e3) + (e3 + e4). (3.16)
Hence, e4,−e1, and −e2 correspond to effective curves. To determine e5 or −e5 corresponds
to an effective curve, we use the fact that e1+ e2+ e3+ e4+ e5 is a singlet of SU(5). Then,
we have
e5 = e1 + e3 + e5 + (−e1) + (−e3), (3.17)
= (−e2 − e4) + (−e1) + (−e3). (3.18)
Therefore, e5 corresponds to an effective curve. To summarize, the correspondence between
the effective curves and the 5 weights is given by
e1 < 0, e2 < 0, e3 < 0, e4 > 0, e5 > 0 , (3.19)
and has to be interpreted using the notation (3.9). A similar analysis can be carried out
for the weights of the 10 representation
e1 + e2 < 0, e1 + e3 < 0, e2 + e3 < 0, e2 + e4 < 0, (3.20)
e3 + e4 > 0, e3 + e5 > 0, e4 + e5 > 0.
This concludes the identification of weights with effective curves.
Using this information we can now determine how the negative simple roots degener-
ate over the enhancement curves Σ10 and Σ5. Let us start with Σ10, along which some
of the negative simple roots degenerate into 10 and 10 weights. First, we consider the
decomposition of the negative simple roots into smaller components along Σ10
−(simple root) = 10 weight + 10 weight. (3.21)
Then, if both 10 weights and 10 weighs correspond to effective curves in the relative
Mori cone, this degeneration occurs along Σ10. The check of effectiveness of the curves
corresponding to all the 10 weights was given in (3.20). Hence, the degeneration of the
negative simple roots along Σ10 are
−e2 + e3 = (−e2 − e4) + (e3 + e4), (3.22)
−e4 + e5 = (−e1 − e4) + (e1 + e5) = (−e1 + e2) + (−e2 − e4) + (e1 + e5).
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To summarize, along Σ10 the negative simple roots of SU(5) plus the extended node e1−e5
split into
e1 − e5, e1 + e5, −e1 + e2, −e2 − e4, −e3 + e4, e3 + e4. (3.23)
The resolution curves associated to the weights (3.23) form the extended Dynkin diagram of
D5 as depicted in Figure 2. Note that the well-known form of the D5 Dynkin diagram is not
directly visible by simply looking at the group-theoretic intersections of the elements (3.23).
However, this structure can be inferred by a local analysis as presented in appendix C. Let
us stress that this information is not needed in the evaluation of the chirality formulas and
hence will not play a major role in this work.
We next turn to singularity enhancement locus Σ5¯. In this case, some of the negative
simple roots decompose into 5 weight and 5¯ weight,
−(simple root) = 5¯ weight + 5 weight. (3.24)
Since −e3 and e4 corresponds to the effective curves from (3.19), the decomposition of the
negative simple roots along Σ5¯ is
−e3 + e4 = (−e3) + (e4). (3.25)
Then, the negative simple roots of the SU(5) plus the extended Dynkin node become
e1 − e5, −e1 + e2, −e2 + e3, −e3, e4, −e4 + e5. (3.26)
The curves associated to these weights form the extended A5 Dynkin diagram as depicted
in the Figure 2. Once again, we will only need in the derivation of the chirality formulas
the identification of (3.26) with effective curves and not the precise match with the Dynkin
diagram.
3.3 Matter surfaces and the chiral index
Having discussed how the relative Mori cone can determine the resolution process of the
higher co-dimension singularities we next want to include the G4 fluxes on X˜4 and evaluate
a chirality formula (2.1). Recall from section 2.2 that F-theory fluxes have to satisfy the
conditions (2.16) and (2.18). The non-vanishing components of G4 are captured by the
matrices ΘΛΣ and Θmα introduced in (2.19).
Let us turn to the determination of the matter surfaces SR appearing in (2.1) by using
the extended relative Mori cone. As discussed in [3, 5, 24, 13, 18] this matter surface should
be obtained by fibering the resolution P1’s over the matter curve ΣR with representation R
and R∗. A relation of the matter surfaces with the weights of R was stressed in [13]. The
fiber Cw corresponds to a weight w of the representation R. The curves Cw are identical to
the ones introduced in the resolution of the co-dimension two singularity locus ΣR. Hence,
each curve Cw can be determined from the relative Mori cone as discussed above. Such
effective curves can be written by the triple intersection of divisors. We make the Ansatz
Cw = t
AΣ
w DA ·DΣ · D , D = s
αDα , (3.27)
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with some real coefficients tAΣw = t
A
wv
Σ which generally depend on the sα. Here vΣDΣ
is an exceptional divisor which contains the curve Cw. Let us note that we checked this
Ansatz for our examples, and showed that it can always be satisfied. This includes the
observation that there exists a divisor D, that intersects the base B in a divisor, which can
be separated as in (3.27). For weights of representations of the gauge group G on Sb, D
intersects Sb in a curve. It would be desirable to give a geometric proof that there always
exists a representation of the class of Cw of the form (3.27).
At least for SU(N) gauge theories with matter in the fundamental and anti-symmetric
representation, one can show that the curve Cw can be generally written as (3.27) using
a group theory argument. In the fundamental or anti-symmetric representation, all the
Cartan charges of the highest weight are non-negative. On the other hand, the other
weights have at least one negative Cartan charge. Hence, the Ansatz (3.27) might only
be impossible if the highest weight appears as a generator of the relative Mori cone. For
the other weights one can always choose a component DΛ in the Ansatz (3.27) which has
negative intersection number with the curve Cw. If the highest weight is a generator of
the relative Mori cone, all the weights correspond to effective curves in the relative Mori
cone since the negative simple roots are always effective curves by (3.10). When one sums
up all the weight ei, (i = 1, · · · , N) in the fundamental representation, or the weights
ei+ ej , (1 ≤ i 6= j ≤ N) in the anti-symmetric representation, one has N(e1+ · · ·+ eN ) or
(N−1)(e1+· · ·+eN ) respectively. Namely, the singlet of SU(N) corresponds to the effective
curve in the relative Mori cone. However, if the curve corresponding to the singlet is in the
relative Mori cone, the relative Ka¨hler cone cannot be defined since
∫
Csinglet
∑
siDi = 0.
Therefore, the highest weight cannot be the generator of the relative Mori cone and the
generators of the relative Mori cone should have at least one negative Cartan charge. This
negative Cartan charge indicates that the curve is contained in an exceptional divisor.
Hence, one can always make the Ansatz (3.27) for the SU(N) gauge theories with matter
in the fundamental and anti-symmetric representations.
Since our final interest is in the matter surface SR we still have to extract a surface
out of the curve (3.27). In order to do that we propose to pull out the divisor D which
becomes a curve in Sb. In order that the normalization of the t
AΣ
w in (3.27) is fixed we
demand that the curve D · S · B intersects exactly once with the matter curve ΣR in Sb.
In other words we normalize D such that
ΣR · D = 1 . (3.28)
The condition (3.28) fixes the normalization of D, and via (3.27) the normalization of the
tAΣw . The class of the matter surface SR is then fixed and given by
SR = t
AΣ
w DA ·DΣ , (3.29)
with tAΣw = t
A
wv
Σ as in (3.27). For a fixed D the parameters tAΣw are determined from the
intersection numbers between the curve Cw and the divisors DA. The intersection numbers
are already known as entries of the ℓ-vectors. This procedure does not determine the
parameters uniquely, but fixes the class of the curve Cw and the matter surface SR. Curves
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are in the same class if their intersection number with the divisors are identical. Strictly
speaking one should note that SR depends on the chosen weight for the representation
R. However, as will become more clear momentarily, this ambiguity drops out from the
chirality formula (2.1).
Using the non-vanishing components of the G4 flux (2.19), the chirality formula (2.1)
together with the explicit form of the matter surfaces SR (3.29) yields
χ(R) = tAΣw ΘAΣ . (3.30)
From this expression one can infer that the chirality is indeed independent of the weight w
and only depends on the representation R. Suppose that a curve corresponding to another
weight w′ of the representation R also appears along the locus ΣR. Since any two weights
can be related by a linear combination of simple roots, one can write w′ = w −
∑
i u
iαi.
Since the negative simple roots can be always written as (3.10), we can expand D˜ = vαDα,
and identify D of (3.10) and (3.27). Hence, adding or subtracting the negative simple roots
to or from the weight w corresponds to adding or subtracting Di ·D˜ to or from t
AΣ
w DA ·DΣ.
Then, the expression (3.30) evaluated for the two different weights w and w′ yields
tAΣw′ ΘAΣ = t
AΣ
w ΘAΣ + u
ivαΘiα (3.31)
= tAΣw ΘAΣ ,
where we use (2.18). Therefore, the chirality formula (3.30) does not depend on the weight
w but only on the representation R. In geometrical terms this also implies that (3.30)
does not depend on the topological phases of the X˜4 distinguishing different Calabi-Yau
resolutions of X4. In fact, in different phases other weights of the same representation are
associated to the matter curves, and (3.31) ensures independency of the resolution phase.
4. Examples
In this section we discuss two illustrative examples of explicitly resolved Calabi-Yau hy-
persurfaces realized in a toric ambient space. Our first example will admit an SU(5)
singularity over a divisor in the base, as in the torically realized GUT models of [10, 11].
In the second example an additional U(1) will be present, such that nU(1) = 1 in (2.6).
The toric construction will correspond to the U(1)-restricted Tate model of [8]. The toric
methods required to perform the computations of this subsection have been explained
in [14, 15, 10, 11], and where recently reviewed in [42]. The determination of the Mori cone
can be performed using the methods of [39, 40, 41] as reviewed in appendix B.
4.1 A Calabi-Yau hypersurface with SU(5) gauge group
As the first example, we consider a Calabi–Yau fourfold X˜4 which has a K3 fibration.
The K3 fibration itself has an elliptic fibration such that it can be used in an F-theory
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compactification. Such a Calabi–Yau fourfold can be obtained from a hypersurface in the
ambient toric space whose points on edges of the polyhedron are
points divisor basis
−1 0 0 0 0 D1
0 −1 0 0 0 D2
3 2 0 0 0 D3 = B
3 2 1 0 0 D4 = Sˆ
3 2 −1 0 0 D5
3 2 0 1 1 D6
3 2 0 −1 0 D7
3 2 0 0 −1 D8 = H
2 1 1 0 0 D9 = B1
1 1 1 0 0 D10 = B2
1 0 1 0 0 D11 = B3
0 0 1 0 0 D12 = B4
(4.1)
Note that we have introduced a basis of independent toric divisors B, Sˆ,H, and Bi.
These 7 divisors will span a basis of independent divisors on a generic hypersurface X˜4
embedded in the class K =
∑
iDi, such that h
1,1(X˜4) = 7.
7 One realizes from (4.1) that
Sb = B·Sˆ is the P
2 base of the K3-fibration. The normal bundleNSb|B is trivial NS|B = OP2 .
In (4.1) we also introduced the blow up divisors Bi for the resolution of an A4 singularity
over Sb. The to Sb associated divisor Sˆ in X˜4 is given by S = Sˆ+B1+B2+B3+B4 as an
SU(5) version of (2.4). The Hodge numbers of the Calabi–Yau fourfold can be computed
as
h1,1(X˜4) = 7, h
2,1(X˜4) = 0, h
3,1(X˜4) = 2148, χ(X˜4) = 12978. (4.2)
4.1.1 Mori cone, resolutions and group theory
The generators of the Mori cone for the Calabi–Yau fourfold X˜4 can be obtained by the
method described in [39, 40, 41]. Note that the generators of the Mori cone for a toric
ambient space is generally different from the generators of the Mori cone for a Calabi–Yau
fourfold hypersurface. In general, some of the triangulations for the ambient space are
connected by a flop of a curve which is not inside the Calabi–Yau fourfold. In our case,
we have 54 star-triangulations of the polyhedron (4.1) from the origin. However some of
them are connected by the flops of the curves which are not included in X˜4. If the defining
equation of a curve and the Calabi–Yau hypersurface X˜4 cannot be satisfied simultaneously
because they are elements of the Stanley-Reisner ideal, the flop of the curve is not a true
flop in the Calabi–Yau fourfold X˜4. This can be confirmed from the distinct intersection
numbers of X˜4 since different phases give different intersection numbers. In the derivation
of the intersection numbers we use the star-triangulations ignoring the interior points in
7This is a consequence of the Lefschetz hyperplane theorem.
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the facets. The presence of these points indicates the existence of point-like singularities in
the ambient space. Since the Calabi–Yau hypersurface does generically not intersect these
singularities, a star-triangulation of the points in the polyhedron (4.1) yields a smooth
Calabi–Yau hypersurface. In our example (4.1), we find that the true number of the
triangulations for X˜4 is three. The generators of the Mori cone for the three phases are:
phase I phase II phase III
ℓ1 ℓ2 ℓ3 ℓ4 ℓ5 ℓ6 ℓ7 ℓ1 ℓ2 ℓ3 ℓ4 ℓ5 ℓ6 ℓ7 ℓ1 ℓ2 ℓ3 ℓ4 ℓ5 ℓ6 ℓ7
0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0
−2 −3 1 0 0 0 0 −2 −3 1 0 0 0 0 −2 −3 1 0 0 0 0
1 0 −2 0 0 1 0 1 0 −2 0 0 1 0 1 0 −1 1 0 1 −1
1 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0
0 0 1 0 0 −2 1 0 0 1 1 1 −1 −1 0 0 0 0 1 −2 1
0 0 1 0 1 0 −1 0 0 1 −1 0 −1 1 0 0 0 −2 0 0 1
0 0 0 1 −1 1 −1 0 0 0 0 −2 0 1 0 0 0 0 −2 1 0
0 0 0 −1 0 0 1 0 0 0 0 1 1 −1 0 0 1 1 1 0 −1
(4.3)
In the following we will indicate the phase by writing ℓ
(I)
i , ℓ
(II)
i , and ℓ
(III)
i for the Mori
vectors of the three phases respectively. Note that
ℓ
(I)
1 = ℓ
(II)
1 = ℓ
(III)
1 , ℓ
(I)
2 = ℓ
(II)
2 = ℓ
(III)
2 , ℓ
(I)
3 = ℓ
(II)
3 = ℓ
(III)
3 + ℓ
(III)
7 . (4.4)
From this identification we already realize that the phase III will be special, since its
ℓ-vectors appear more non-trivially in the last identification.
A subset of the generators of the Mori cone for each phase corresponds to effective
curves and can be identified with weights in a representation of SU(5) in the way described
in the section 3.2. One can read off the Cartan matrix Cij from the intersection numbers
(2.13). By comparing it with the Cartan matrix of SU(5), one can deduce that the blow
up divisors B1, B2, B3, B4 correspond to the simple roots e1 − e2, e4 − e5, e2 − e3, e3 − e4
respectively. Here ei denotes the orthonormal basis of R
5. Then, we can identify the
generators of the Mori cone (4.3) with the weights of some representations of SU(5) from
the Cartan charges (3.6). Since we are interested in the extended relative Mori cone, the
relevant generators for the phase I is ℓ
(I)
3 , ℓ
(I)
4 , ℓ
(I)
5 , ℓ
(I)
6 , ℓ
(I)
7 . Among them the generators of
the relative Mori cone (3.2) have negative intersection numbers with the Cartan divisors.
Hence, they are ℓ
(I)
4 , ℓ
(I)
5 , ℓ
(I)
6 , ℓ
(I)
7 and ℓ
(I)
3 corresponds to the extended Dynkin node. The
weights of the generators of the relative Mori cone for the phase I are
ℓ
(I)
4
∼= −e3, ℓ
(I)
5
∼= e3 + e4, ℓ
(I)
6
∼= −e1 + e2, ℓ
(I)
7
∼= −e2 − e4. (4.5)
The extended node ℓ
(I)
3 corresponds to e1 − e5. For the phase II, the generators of the
relative Mori cone are ℓ
(II)
4 , ℓ
(II)
5 , ℓ
(II)
6 , ℓ
(II)
7 . They correspond to the following weights
ℓ
(II)
4
∼= e1 + e5, ℓ
(II)
5
∼= −e2 + e3, ℓ
(II)
6
∼= −e1 − e4, ℓ
(II)
7
∼= e2 + e4. (4.6)
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Figure 1: The effective curves corresponding to the weights of 10 representation. The negative
sign means that the negative of the weight corresponds to a effective curve.
Similarly, ℓ
(II)
3 corresponds to the extended Dynkin node e1−e5, and ℓ
(II)
3 , ℓ
(II)
4 , ℓ
(II)
5 , ℓ
(II)
6 , ℓ
(II)
7
are the generators of the extended relative Mori cone. For the phase III, the generators of
the relative Mori cone and their correspondence to the weights are
ℓ
(III)
4
∼= −e4 + e5, ℓ
(III)
5
∼= −e2 + e3, ℓ
(III)
6
∼= −e1 + e2, ℓ
(III)
7
∼= e1 + e4. (4.7)
In this phase, we have a generator ℓ
(III)
3 which corresponds to a weight −e4 − e5 and does
not shrink to a point in X4. Hence ℓ
(III)
3 , ℓ
(III)
4 , ℓ
(III)
5 , ℓ
(III)
6 , ℓ
(III)
7 are the generators of the
extended relative Mori cone.
So far we have determined the generators of the extended relative Mori cone. This
implies that the weights (4.5)–(4.7) correspond to effective curves. Using the strategy of
section 3.2 one can also determine whether other weights correspond to effective curves from
the relative Mori cone. Comparing (4.5) and (3.13) we note that section 3.2.2 precisely
discusses the phase I of the resolved Calabi-Yau fourfold (4.1). The identification of the
effective curves was given in (3.19). Following the same strategy also for phases II and III,
one shows that for all the three phases one has
e1 < 0, e2 < 0, e3 < 0, e4 > 0, e5 > 0. (4.8)
where we use the notation (3.9). In section 3.2.2 also the determination of the effectiveness
of the 10 weights has been given for phase I. The result was given in (3.20). Repeating the
same analysis for the phases II and III one finds the result summarized in Figure 1.
As also explained in section 3.2, one next determines the weights which describe the
curves fibering over the matter curves Σ5 and Σ10. This allows to determine the degener-
ation structure of the curves in the Cartan resolution divisors Di from the relative Mori
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cone. One considers the splits
Σ10 : −(simple root) = 10 weight + 10 weight , (4.9)
Σ5 : −(simple root) = 5¯ weight + 5 weight . (4.10)
For the phase I this was explained in detail in section 3.2.2. The result was that the weights
corresponding to the matter curves Σ10 and Σ5 are
Σ10 : e1 − e5, e1 + e5, −e1 + e2, −e2 − e4, −e3 + e4, e3 + e4 , (4.11)
Σ5 : e1 − e5, −e1 + e2, −e2 + e3, −e3, e4 − e4 + e5, (4.12)
as shown in (3.23) and (3.26). The weights (4.11) form the extended Dynkin diagram of
D5 in Figure 2. Similarly, the weights (4.12) form the extended A5 Dynkin diagram also
depicted in Figure 2. The intersection numbers for both Dynkin diagrams can be calculated
from the direct computation in appendix C. We will not need these intersection numbers
in the following.
4.1.2 Yukawa couplings at co-dimension three
We have studied the degeneration along the co-dimension-two singularity locus. The sin-
gularity further enhances along the E6 and D6 Yukawa points. At the Yukawa points, the
curves of (4.11) and (4.12) further degenerate into smaller irreducible components. In this
case, the degeneration generates the curves corresponding to 10, 10 weights and also 5,
5¯ weights from one Yukawa point. In general, when the singularity is enhanced to Gp at
the co-dimension-three point, our proposal is that the degeneration of the curves obeys the
algebra of Gp. Namely, the further degeneration is possible only if the decompositions of
the weights at E6 and D6 points obey the E6 and D6 algebra respectively. First, let us see
the degeneration of the extended D5 Dynkin diagram at the E6 enhancement point. Since
e1− e5, −e1+ e2, −e2− e4, e3+ e4 correspond to the generators of the relative Mori cone,
they do not degenerate further. Since 5 or 5¯ weights can appear at the E6 enhancement
point, the negative simple root −e3 + e4 in (4.11) can decompose as
−e3 + e4 = (−e3) + (e4). (4.13)
Moreover, we have the decomposition
e1 + e5 = −e2 − e3 − e4,
= (−e2 − e4) + (−e3). (4.14)
We use the fact that e1+ e2+ e3 + e4+ e5 is a singlet in SU(5). The decomposition (4.13)
obviously obeys the E6 algebra since the adjoint weight decomposes into a vector-like pair.
In order to see that the decomposition (4.14) obeys the algebra of E6 but does not obey
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the algebra of D6, one can consider the following decomposition
E6 ⊃ SU(5) × U(1)1 × U(1)2 (4.15)
78 → 10,0 + 10,0 + 1−5,−3 + 15,3 + 240,0
+5−3,3 + 5¯3,−3 + 10−1,−3 + 101,3 + 104,0 + 10−4,0,
D6 ⊃ SU(5) × U(1)1 × U(1)2 (4.16)
66 → 10,0 + 10,0 + 240,0
+52,2 + 52,−2 + 5¯−2,2 + 5¯−2,−2 + 104,0 + 10−4,0.
From the E6 decomposition (4.15), one can associate the E6 algebra
104,0 → 101,3 + 5¯3,−3 (4.17)
to (4.14). However, one cannot associate the D6 algebra to (4.14) since the U(1) charges
are not conserved under the decomposition. Hence, this degeneration corresponds to the
E6 enhancement point. To summarize, we have the weights
e1 − e5, −e1 + e2, −e2 − e4, e3 + e4, −e3, e4, (4.18)
at the E6 Yukawa point. The weights (4.18) form the E6 Dynkin diagram depicted in
Figure 2. As noted in [20], (4.18) does not form the ‘extended’ E6 diagram and the rank
does not enhances at the E6 Yukawa point.
One can also do the same analysis for the degeneration of the extended D5 Dynkin
diagram at the a D6 enhancement point. At the D6 Yukawa point, the degeneration of
(4.14) is impossible since it does not satisfy the D6 algebra. Hence, e1 + e5 remains to be
irreducible at the D6 Yukawa point. On the other hand, −e3+e4 can decompose differently
to (4.13) as
−e3 + e4 = (−e3) + (−e
′
3) + (e3 + e4). (4.19)
The decomposition (4.19) is possible for the D6 enhancement point since one has two 5¯
representations with different charges under U(1)1×U(1)2 in the decomposition of SO(12)
as displayed in (4.16). The U(1) charge conservation corresponding to (4.19) becomes
240,0 → 5¯−2,2 + 5¯−2,−2 + 104,0. (4.20)
This is not allowed in the E6 algebra. Note that our proposal is that one has to decompose
the weights into the generators of the extended relative Mori cone as much as possible.
Therefore, the degeneration at the D6 Yukawa point should not stop at (4.13) but proceeds
further to (4.19) since both −e3 and e3 + e4 are the generators of the extended relative
Mori cone. To summarize, we have the weights
e1 − e5, e1 + e5, −e1 + e2, −e2 − e4, e3 + e4, −e3, −e
′
3. (4.21)
at the D6 Yukawa point. The curves associated to (4.21) form the extended D6 Dynkin
diagram in Figure 2.
The chains of the Dynkin diagrams for the phase II and III can be computed in a
similar manner and they are depicted in Figures 4 and 5.
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Figure 2: The chain of the Dynkin diagrams for the phase I. The number in the nodes denotes
the multiplicity. The intersection structure cannot be inferred by simple group theoretic arguments
about the weights, but requires an inspection of the resolution geometry.
4.1.3 G4-flux and chirality
In this section we test the chirality formula (2.1) for the matter fields in the 10 and
5¯ representation from the F-theory compactifications on the Calabi–Yau fourfold (4.41).
The necessary information is the G4 flux and the mater surfaces SR for the 10 and 5¯
matter fields. Hereafter, we also focus on the phase I. A construction of the G4 flux and
matter surfaces for SU(5) examples can be also be found in [13].
First we determine G4 flux. We consider the G4 flux constructed from the intersection
of the divisors of X˜4. In order to preserve four-dimensional Poincare´ invariance and the
SU(5)GUT symmetry, the G4 flux should satisfy the conditions (2.18). We find such G4 flux
from the expansion by the general intersection of the divisors. Without any constraint, we
have 7 × 8/2 = 28 generators of such surfaces. However, not all of them are independent.
First of all, we have the constraints from the Stanley-Reisner ideal of the toric ambient
space for X˜4. For the phase I, the Stanley-Reisner ideal is
SR = {D2D10,D3D9,D3D10,D3D11,D3D12,D4D5,D4D11,D4D12,D1D9,D1D11,D5D9,
D5D10,D5D11,D5D12,D9D12,D1D2D3,D1D2D4,D6D7D8}. (4.22)
Hence we have 15 constraints for the surfaces and all of them are independent. We have
another constraints coming from the incompatibility between the Stanley-Reisner ideal and
the Calabi–Yau hypersurface equation. Those constraints are
D1D3,D1D4,D2D3,D2D4,D2D9. (4.23)
However, not all the constraints from (4.22) and (4.23) are independent. There are actually
19 independent constraints in total, so the number of the true generators for the expansion
of surfaces is 28− 19 = 9. We choose
B24 , B3 · B4, B
2
3 , B2 ·B3, B
2
2 , B4 ·H,H
2, H · Sˆ, B ·H (4.24)
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Then, the general expansion of the G4 flux by the nine independent surfaces is
G4 = α1B
2
4+α2B3·B4+α3B
2
3+α4B2·B3+α5B
2
2+α6B4·H+α7H
2+α8H ·Sˆ+α9B·H. (4.25)
The condition (2.18) reduces the nine parameters to one parameter,
G4 = β(8B2 · B3 − 4B3 · B3 − 2B3 · B4 + 3B
2
4 + 9B4 ·H), (4.26)
where 3β = α2. We choose β such that all the coefficients are integers.
Let us turn to the matter surface S10 and S10. From Figure 2, the matter surface S10
corresponds to the weights e1 + e5, e3 + e4, and S10 corresponds to the weight −e2 − e4.
The class of the curves corresponding to e1 + e5, e3 + e4 and −e2 − e4 can be determined
from the intersection numbers (4.3). For example, let us consider a curve ℓ7 corresponding
to the weight −e2 − e4. Since our final interest is the matter surface, we have to pull
out a divisor, which intersects Sb in a curve, from the triple intersection representing the
curve. We make the Ansatz (µH + νS) for this divisor. Furthermore, when ℓi has a
negative intersection number with a divisor Bi, the triple intersection representing ℓi has
a component Bi. Hence, we can make a general Ansatz for ℓ7, ℓ7 = aB2 · B3 · (µH + νS).
The parameter a can be determined from the intersection numbers and the result is
10 : ℓ
(I)
7
∼= −e2 − e4 →
1
3µB2 · B3 · (µH + νS). (4.27)
Note that we solve only for a and not for µ and ν in this process. In order to obtain a matter
surface corresponding to the weight −e2 − e4, one has to pull out a divisor in B with a
correct multiplicity. The correct multiplicity can be determined from the intersection with
the matter curve Σ10 (3.28). Since the 10 matter curve lies in the class c1(B)|Sb , (3.28)
becomes
Sb ·B c1(B) ·B D = 1. (4.28)
In this case, the divisor can be chosen to be D = 13µ(µH + νS). Hence the matter surface
S10 corresponding to the weight −e2 − e4 is
S10 = B2 · B3 . (4.29)
From this expression of the matter surface S10, and the G4 flux (4.26) one can compute
the chirality for the 10 matter fields. The chirality formula (2.1) becomes
χ(10) =
∫
S
10
G4 = 3 · 54β. (4.30)
where we have used the intersection numbers of X˜4.
For the chirality formula of the 5¯ matter, one has to determine the matter surface S5¯.
We consider a curve corresponding to the weight −e3 which is one of the generators of the
relative Mori cone for the phase I. From the intersections one can determine the class of
the curve ℓ4 corresponding to the weight −e3. We also make an Ansatz such that the triple
intersection has a component (µH+νS) which is then being dropped in the determination
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of the matter surface S5¯. Moreover, since ℓ4 has a negative intersection number with B4,
we can make a general Ansatz ℓ4 = (
∑
A a
ADA) · B4 · (µH + νS), where
∑
A a
ADA is a
general linear combination of the divisors in (4.1). The parameters ai can be determined
from the intersection numbers, such that ℓ4 is represented by
5 : ℓ
(I)
4
∼= −e3 →
1
24µ
(
B2 −B3 + 9H
)
· B4 · (µH + νS), (4.31)
where we choose a special representative in the solutions just for the simplicity of the
expression. In order to obtain the matter surface S5¯, one has to pull out a divisor D which
satisfies the condition
S ·B (8c1(B)− 5S) ·B D = 1, (4.32)
where (8c1(B)− 5S)|S is a class of the 5¯ matter curve. By using the condition (4.32), one
finds D being of the form D = 124µ(µH + νS). Hence the matter surface S5¯ is
S5¯ = (B2 −B3 + 9H) ·B4. (4.33)
Therefore, the chirality formula for the 5¯ matter becomes
χ(5¯) =
∫
S
5¯
G4 = −3 · 54β , (4.34)
where we have inserted the matter surface (4.33) and the flux (4.26), and used the intersec-
tion numbers of X˜4. From (4.30) and (4.34) we find the relation χ(10) = −χ(10) = χ(5¯),
which is consistent with the anomaly conditions for SU(5) gauge theories. Note that we
did not discuss the quantization of β appearing in (4.30) and (4.34). This can be done
by investigating the integrality properties of the basis used in (4.26), and satisfying the
constraint (2.16).
4.1.4 Relation to three-dimensional Chern-Simons term
One can also see that the chirality (4.30) and (4.34) can be obtained from the formula
(2.26). The sign in (2.28) is determined from the relative Mori cone. The effectiveness of
the curves corresponding to 10 weights is depicted in the first column of Figure 1. The
effectiveness of the curves corresponding to 5 weights is (4.8). The U(1)i charges (qf )i of
each weight can be determined from (3.6). By inserting all the information, the formula
(2.26) for the Calabi–Yau fourfold (4.1) in the phase I is
Θ23 = −χ(10), Θ24 =
1
2χ(10) +
1
2χ(5¯), (4.35)
Θ33 = χ(5¯), Θ44 = −χ(10),
Θ13 =
1
2χ(10)−
1
2χ(5¯), Θ34 =
1
2χ(10)−
1
2
χ(5¯)
Θ11 = −χ(10) + χ(5¯), Θ22 = χ(10)− χ(5¯)
and the other components are zero. Using the intersection numbers with the G4-flux (4.26),
one can explicitly compute the components Θij. One finds
Θ23 = 3× 54β, Θ24 = −3× 54β, Θ33 = −3× 54β, Θ44 = 3× 54β, (4.36)
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with all the others being zero. By inserting the explicit numbers (4.36) into (4.35), one
obtains
χ(10) = −3× 54β, χ(5¯) = −3× 54β. (4.37)
This precisely matches the chirality obtained from integrating G4-fluxes over the matter
surfaces (4.30) and (4.34).
4.1.5 Comparison with spectral cover
We compare the results of the proposed chirality formula (4.30) and (4.34) with the spectral
cover computation. The chirality formula for the matter in 10 representation is [43, 44]
n10 = −λη · (5KSb + η), (4.38)
where Sb is a surface wrapped by the SU(5) brane. The divisor η in Sb is related to a
normal bundle NSb|B by the equation
c1(NSb|B) = 6KSb + η . (4.39)
Finally λ is related to the G4 flux and takes values in Z +
1
2 [45]. Note that the chirality
formula (4.38) is a local expression on the surface Sb, In constrast, the chirality formula
(2.1) is defined by integration over the whole resolved Calabi–Yau fourfold X˜4. In the
current example, we chose Sb = P
2 and NSb|B = OP2 . Hence, η = 18HP2 where HP2 is a
hyperplane class of P2. The chirality formula (4.38) becomes
n10 = −λ(18HP1 ·P2 3HP2) = −54λ (4.40)
One also finds the same number for the matter in the 5¯ representation. Comparing the
spectral cover result (4.40) with the result (4.30), we find agreement if we identify 3β = λ.
Since the chirality for the 10 matter fields and the chirality of 5¯ matter fields are the same,
the same identification is satisfied for the comparison between (4.40) and (4.30).
4.2 A U(1)-restricted hypersurface with SU(5)× U(1) gauge group
In the previous subsection we have exemplified the use of the Mori cone generators and
their connection to a non-Abelian gauge group SU(5) on a single stack of 7-branes. We
now present a second example where an additional geometrically massless U(1) is present.
In an SU(5) model this U(1) can be identified with the U(1)X in SO(10). The geometric
construction presented here corresponds to the U(1) restricted Tate model introduced in [8].
The Calabi-Yau fourfold which we will construct has a base which is a P3 blown up
along a curve into a surface Sb. The gauge group on Sb is engineered to be SU(5). The
points on edges of the polyhedron for the U(1)X restricted Tate model for such a setup
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are:
points divisor basis
−1 0 0 0 0 D1
0 −1 0 0 0 D2
3 2 0 0 0 D3 = B
3 2 1 1 1 D4 = H
3 2 −1 0 0 D5
3 2 0 −1 0 D6
3 2 0 0 −1 D7
3 2 1 1 0 D8 = Sˆ
2 1 1 1 0 D9 = B1
1 1 1 1 0 D10 = B2
1 0 1 1 0 D11 = B3
0 0 1 1 0 D12 = B4
−1 −1 0 0 0 D13 = X
(4.41)
Note that the inclusion of the last vertex corresponding to X = D13 enforces a6 = 0 in
the standard Tate constraint. Here a6 is the coefficient of the z
6 term, with z = 0 being
the base B. This method can be quite generally applied to obtain a geometrically massless
U(1)’s in the four-dimensional spectrum [8].
In (4.41) we have introduced the independent divisors B,H, Sˆ, Bi and X. Note that
B1, · · · , B4 are the exceptional divisors resolving the A4 singularity. X originates from the
resolution of an SU(2) singularity along a curve outside Sb. As in (2.4) we introduce a
divisor S = Sˆ + B1 + B2 + B3 + B4. The Hodge numbers of the Calabi–Yau fourfold X˜4
are
h1,1(X˜4) = 8, h
2,1(X˜4) = 0, h
3,1(X˜4) = 1020, χ(X˜4) = 6216. (4.42)
In the following we will determine the Mori vectors and follow the resolution process. This
will allow us to determine the net chirality induced by an F-theory compatible flux.
4.2.1 Mori cone, resolutions and group theory
We begin our analysis with the determination of the Mori cone and its relation to the
group theory of SU(5)× U(1). Restricting to star-triangulations of the polyhedron (4.41)
including the origin, and using the method described in appendix B, we find twelve phases
for the hypersurface. As in the previous example we use the star-triangulations ignoring
the interior points in the facets. For simplicity we will focus on one phase in the following.
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The generators of the Mori cone for the phase are
ℓ1 ℓ2 ℓ3 ℓ4 ℓ5 ℓ6 ℓ7 ℓ8
0 0 0 0 0 0 0 1
0 0 0 1 0 0 −1 1
−3 −1 1 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
1 −1 −2 0 0 1 0 0
0 0 1 0 1 −2 0 0
0 0 1 1 −1 0 0 0
0 0 0 −1 −1 1 1 0
0 0 0 0 1 0 −1 0
0 0 0 0 0 0 1 −1
(4.43)
The singular limit X˜4 → X4 is the limit in which B1, . . . , B4 collapse to the surface Sb
and X collapses to a curve. In this limit, each curve ℓ4, ℓ5, ℓ6, ℓ7, ℓ8 shrinks to a point in
X4. Hence, they are the generators of the relative Mori cone. Note that the Cartan charges
of SU(5) are the same as the ones of (4.3). Furthermore, ℓ3 intersects with the Cartan
divisors. Hence, the generators of the extended relative Mori cone are ℓ3, ℓ4, ℓ5, ℓ6, ℓ7, ℓ8.
Some of the weights are charged under the new U(1) which originates from the reduc-
tion along the Poincare´ dual two-form of X. As for the Cartan divisor of the other U(1),
we use the divisor [8]
B5 = X −B − [c1(B)], (4.44)
where [c1(B)] = H +D5 +D6 +D7 + S.
8 This redefinition is required to ensure that the
intersection numbers satisfy the vanishing condition (2.12) in this basis. The Poincare´ dual
two-from ω5 of B5 is used for the dimensional reduction to obtain the U(1)X gauge field
AX as C3 = AX ∧ ω5. From the intersection between Bi with i = 1, · · · , 4, and BΛ with
Λ = 1, · · · , 5, one obtains a part of the Cartan matrix of SO(10) as [18]
Bi · BΛ ·Dα ·Dβ =


−2 1 0 0 0
1 −2 1 0 0
0 1 −2 1 1
0 0 1 −2 0

B · S ·Dα ·Dβ . (4.45)
Since B5 · B5 does not localize on the surface S, the component C55 of (2.13) does not
reproduce the 5 − 5 component of the SO(10) Cartan matrix. This is consistent with a
four-dimensional theory with gauge group SU(5)GUT × U(1)X rather then SO(10), and
matter representations originating from an underlying SO(10). This precisely occurs in
8Here we use [c1(B)] including S instead of Sˆ. More precisely, one could also write π
∗c1(B). Any
modification by a shift with blow-up divisors will just result in a change of basis in the following discussion.
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the U(1)X restricted model as a global realization of the (4 + 1) split spectral cover model
considered in [9, 10]. Indeed, we can identify the weights corresponding to the generators
of the Mori cone (4.43) with weights in the representation of SO(10) when we identify the
root corresponding to the Cartan divisor B5 with e4 + e5 which is one of the simple roots
of SO(10).
Motivated by the intersections (4.45), we identify the Cartan divisorsBΛ, (Λ = 1, · · · , 5)
with e1 − e2, e4 − e5, e2 − e3, e3 − e4, e4 + e5, which are the simple roots of SO(10). From
the Cartan charges in (4.43), one can also identify the curves ℓ4, ℓ5, ℓ6, ℓ7, ℓ8 with weights
in the representation of SO(10)
ℓ4 ∼= −
1
2e1 −
1
2e2 +
1
2e3 +
1
2e4 −
1
2e5 = +e3 + e4 − eΣ,
ℓ5 ∼=
1
2e1 −
1
2e2 +
1
2e3 −
1
2e4 +
1
2e5 = −e2 − e4 + eΣ,
ℓ6 ∼= −e1 + e2, (4.46)
ℓ7 ∼=
1
2e1 +
1
2e2 −
1
2e3 +
1
2e4 +
1
2e5 = −e3 + eΣ,
ℓ8 ∼= −
1
2e1 −
1
2e2 −
1
2e3 −
1
2e4 −
1
2e5 = −eΣ,
where eΣ denotes
1
2(e1+e2+e3+e4+e5). In terms of SU(5), ℓ4 corresponds to a weight in the
10 representation, ℓ5 corresponds to a weight in the 10 representation, and ℓ7 corresponds
to a weight in the 5¯ representation. They are identical to the ones in the phase I of the
first example (4.5). In the U(1)X restricted model, we can further understand their SO(10)
origins. The weights corresponding to ℓ4 and ℓ7 come from the 16
′ representation and the
weight corresponding to ℓ5 comes from the 16 representation of SO(10). We can also
consider a weight corresponding to a curve ℓ7 + ℓ8
ℓ7 + ℓ8 ∼= −e3. (4.47)
In SU(5) this curve corresponds to a weight of the 5¯ representation. Its SO(10) origin
is a weight of the 10 representation since ±ea (a = 1, · · · , 5) are the weights of the 10
representation of SO(10). Therefore, we have two types of 5¯ representations originating
from the 16′ and 10 representation of SO(10). We also have a singlet field associated
with the weight −eΣ which corresponds to the curve ℓ8. In addition, the generator ℓ3
corresponds to the extended weight e1 − e5 up to a term eΣ which is a singlet in SU(5).
This curve does not shrink in the singular limit and is an additional generator for the
extended relative Mori cone.
From the relative Mori cone, one can determine the resolution structure. Since the
SU(5) Cartan charges of the ℓ3, ℓ4, ℓ5, ℓ6, ℓ7 are the same as the ones of the phase I in the
first example (4.5), the resolution of the chains A4 → D5 → E6,D6 and A4 → A5 → E6,D6
are essentially the same except for the singlet term eΣ. However, we have other chains
A4 → A5 → A6 and A4 → A
′
5 → A6. The A6 singularity enhancement appears as a point
where the two A5 and A
′
5 singularity enhancement loci meet. Let us focus on the resolution
along these chains. From the generators of the relative Mori cone, we have identified the
two 5¯ matter fields with ℓ7 and ℓ7 + ℓ8. Therefore, the decompositions of the negative
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simple roots along the two A5 and A
′
5 singularity enhancement loci are
−e3 + e4 =
(
− e3 + eΣ
)
+
(
e4 − eΣ
)
, (4.48)
−e3 + e4 = (−e3) + (e4). (4.49)
Indeed, one can reconstruct the weights e4 − eΣ and e4 from the generators of the relative
Mori cone
e4 − eΣ ∼= ℓ4 + ℓ7 + ℓ8, (4.50)
e4 ∼= ℓ4 + ℓ7 (4.51)
Hence, both weights correspond to the effective curves in the relative Mori cone.
At the A6 singularity enhancement points a further degeneration occurs in accord with
the SU(7) algebra. The 5 and 5¯ weights arising from different SO(10) representations
are located at the A6 points. From the decomposition (4.48), −e3 + eΣ cannot further
decompose into smaller pieces since it is already a generator of the relative Mori cone.
However, e4 − eΣ can decompose as
e4 − eΣ = (e4) +
(
− eΣ
)
. (4.52)
The consistent degeneration requires that (4.49) decomposes as
−e3 = (−e3 + eΣ) +
(
− eΣ
)
, (4.53)
and e4 remains unchanged. We can see that the decompositions (4.52) and (4.53) also obey
the SU(7) algebra. To summarize, we have the curves corresponding to the weights
−e1 + e2, −e2 + e3, −e3 + eΣ, −eΣ, e4, −e4 + e5, (4.54)
at the A6 singularity enhancement points. The degeneration chain is depicted in Figure 3.
4.2.2 G4-flux and chirality
In the U(1)X restricted model, we turn on a G4-flux of the following form
9
G4 = FX ∧ ωX˜ , (4.55)
where FX = n
αωα, and ωX˜ is the Poincare´ dual two-form to a linear combination of the
exceptional divisors BΛ, (Λ = 1, · · · , 5). This means that we turn on a gauge flux in the
direction of ωX˜ . Since we preserve the SU(5)GUT symmetry for all n
α, the condition (2.18),
given by Θiβ = 0, reduces to ∫
X˜4
ωα ∧ ωX˜ ∧ ωi ∧ ωβ = 0. (4.56)
9In general, one can also include an additional flux G4 = m
ΣΛωΣ ∧ ωΛ, we have checked that (2.18)
restricts this Ansatz to a one-parameter family. It order to keep the analysis simple, we will not include
this flux in the following.
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Figure 3: The chain of the Dynkin diagrams for A4 → A5 → A6 and A4 → A′5 → A6. eΣ denotes
the singlet weight 1
2
(e1 + e2 + e3 + e4 + e5). The number in the node denotes the multiplicity.
Then, ωX˜ can be determined up to an overall constant. The Poincare´ dual to ωX˜ is
BX˜ = α(−2B1 − 4B3 − 6B4 − 3B2 − 5B5), (4.57)
We later fix the overall constant α by requiring that the U(1) direction ωX˜ matches the
U(1)X considered in the (4+1) split spectral cover model. Furthermore, the G4-flux (4.55)
should satisfy the condition (2.18). The condition can be satisfied when FX is an element
of H1,1(B) because of (2.12). Hence the Poincare´ dual of FX can be
FX = aH + bS. (4.58)
The first constraint of (2.18) is also satisfied due to the requirement (4.56).
Let us determine the charges for matter fields under the U(1)X obtained along (4.57).
The Cartan charges can be computed by (3.6). We have seen in the previous subsection
that the curve corresponding to the 10 matter field is ℓ5 and the curves corresponding to
the two 5¯ matter fields are ℓ7 and ℓ7 + ℓ8. One can determine their curve classes from the
intersection numbers (4.43). Note that the curve classes in the Calabi–Yau fourfold can
be expressed as the triple intersection of the divisors. When ℓi has a negative intersection
number with Bi, Bi can be chosen as a component in the triple intersection. Hence, we
make the Ansa¨tze
ℓ5 = aB2 ·B3 · (µH + νS) , ℓ7 = (
∑
A
aADA) ·B4 · (µH + νS) , (4.59)
ℓ7 + ℓ8 = (
∑
A
bADA) · B4 · (µH + νS) , ℓ8 = (
∑
A
cADA) ·X · (µH + νS) ,
where
∑
A a
ADA etc. are general linear combinations of the divisors in (4.41). The param-
eters a, aA, bA cA are determined from the intersection numbers (4.43). Then, the curve
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classes for ℓ5, ℓ7, ℓ7 + ℓ8 and ℓ8 are
10 : ℓ5 ∼= −e2 − e4 + eΣ →
1
3µ−2νB2 · B3 · (µH + νS), (4.60)
5¯ : ℓ7 ∼= −e3 + eΣ →
1
(µ−2ν)(7µ−2ν)
(
2µB2 + (µ+ 2ν)B3
+(µ+ 2ν)B4 − (µ− 2ν)B5
)
·B4 · (µH + νS), (4.61)
5¯ : ℓ7 + ℓ8 ∼= −e3 →
1
4(µ−2ν)(3µ−ν) (2(3µ − 2ν)B2 + (5µ− 2ν)B3
+2(3µ − 2ν)B4 + (µ− 2ν)B5) ·B4 · (µH + νS), (4.62)
1 : ℓ5 ∼= −eΣ →
1
63µ + 94ν
(6B4 + 8H +B5) ·X · (µH + νS), (4.63)
where we choose special representatives in the solutions just for simplicity. From the
explicit forms (4.60)–(4.63), one can determine the charge under U(1)X for each weight
ℓ5 → 10−α , ℓ7 → 5¯−3α , ℓ7 + ℓ8 → 5¯2α ℓ8 → 15α. (4.64)
For the comparison to the (4 + 1) split spectral cover model, we choose the direction of
U(1) from ωX˜ to be the U(1)X in the (4 + 1) split spectral cover model. Hence, we take
α = 1 hereafter. Note that we have determined the matter representation curves directly
from the generators of the extended relative Mori cone. This approach is different from
the one discussed in [18]. In [18], the matter representation curves are determined from
the direct computation of the degeneration of the Tate form as done in the appendix C by
exploiting the Stanley-Reisner ideal.
The other information necessary for the computation of the chirality (2.1) are the
matter surfaces S10 and S5¯. They can be determined from the curves in the extended
relative Mori cone. The curves are already obtained as (4.60)–(4.62). Then, we pull out
µH + νS with the correct multiplicity. The correct multiplicity can be computed from the
consideration of the intersection between µH + νS and the matter curve Σ10, Σ5¯. The
condition for the Σ10 matter curve is the same as (4.28). However, the Σ5¯ curve splits into
two components a3,2 = w = 0 and a1a4,3−a2,1a3,2 = w = 0, where w = 0 defines the surface
Sb and the definitions of the ai,j can be found in (C.1), (C.2). The matter fields in the
5¯−3 and 5¯2 representation are localized along a3,2 = w = 0 and a1a4,3 − a2,1a3,2 = w = 0,
respectively. The matter fields in the singlet 15 are localized along the curve a3,2 = a4,3 = 0.
Hence, the condition (3.28) becomes
B · S · c1(B) · (µH + νS) = 3µ − 2ν, (4.65)
B · S · (3c1(B)− 2c1(NS|B)) · (µH + νS) = 7µ − 2ν, (4.66)
B · S · (5c1(B)− 3c1(NS|B)) · (µH + νS) = 12µ − 4ν, (4.67)
B · (3c1(B)− 2c1(NS|B)) · (4c1(B)− 3c1(NS|B))) · (µH + νS) = 63µ + 94ν. (4.68)
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Therefore, the matter surfaces are
S10−1 = B2 · B3, (4.69)
S5¯−3 =
1
µ−2ν (2µB2 + (µ+ 2ν)B3 + (µ+ 2ν)B4 − (µ− 2ν)B5
)
·B4, (4.70)
S5¯2 =
1
µ−2ν (2(3µ − 2ν)B2 + (5µ − 2ν)B3 + 2(3µ − 2ν)B4 + (µ− 2ν)B5) · B4,(4.71)
S15 = (6B4 + 8H +B5) ·X. (4.72)
With the G4 flux (4.55) and the matter surfaces (4.69)–(4.72), we compute the chirality
of the matter fields in each representation by using (2.1). The intersection between the
matter surfaces (4.69)-(4.72) and the G4 flux (4.55) yields the numbers
χ(10−1) =
∫
S
10−1
G4 = −3a+ 2b , χ(5¯−3) =
∫
S5¯−3
G4 = −21a+ 6b ,
χ(5¯2) =
∫
S5¯2
G4 = 24a− 8b , χ(15) =
∫
S15
G4 = 315a+ 470b. (4.73)
Note that consistent with anomaly cancellation in the four-dimensional gauge theory one
has χ(101) = χ(5¯−3) + χ(5¯2).
It is important to stress that we did not address the quantization of the real scalars
a, b defining the G4 flux (4.55). In order to do that one has to evaluate the condition
(2.16). It is a trivial task to compute c2(X˜4) for a torically realized hypersurface. The
complication lies in the question if the base elements chosen in (4.55) are actually part
of a minimal integral basis of H4V(X˜4,Z). Furthermore, (2.16) can imply that we have to
switch on another component of G4 to compensate for the half-integrality of c2(X˜4)/2.
4.2.3 Relation to three-dimensional Chern-Simons term
The chirality (4.73) can be obtained from the three-dimensional Chern-Simons term by
using (2.26). Since the SU(5) Cartan charges of the generators of the relative Mori cone for
the U(1)X restricted model are the same as the ones in the first example, the effectiveness
of the curves corresponding to the 10 weights and the 5 weights are essentially the same.
However, they are actually 16 representation or 10 representation of SO(10) and the
Cartan charge for the U(1) obtained from B5 is affected by the singlet term eΣ. Hence,
we also have to take into account the singlet term to compute the formula (2.26). Since
the 10 weights of SU(5) come from the 16′ weights of SO(10), the weight ei+ ej is indeed
the weight ei + ej − eΣ. For the 5¯−3 weights coming from the 16
′, the shift for the weight
−ei is −ei+ eΣ. The 5¯2 weight coming from the 10 weight of SO(10) remains unchanged.
These can be also seen explicitly by constructing the effective curves from the generators of
the relative Mori cone. Then, all the U(1) charges for BΛ, (Λ = 1, · · · , 5) can be obtained
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from the weights of SO(10) and the formula (2.26) becomes
Θ23 = −χ(10), Θ24 =
1
2χ(10) +
1
2(χ(5¯−3) + χ(5¯2)),
Θ33 = χ(5¯−3) + χ(5¯2), Θ44 = −χ(10),
Θ45 =
1
2χ(10)−
1
2χ(5¯−3) +
1
2χ(5¯2), Θ55 = −χ(10) +
3
2χ(5¯−3)− χ(5¯2) +
1
2χ(15),
Θ13 =
1
2χ(10)−
1
2 (χ(5¯−3) + χ(5¯2)), Θ34 =
1
2χ(10)−
1
2(χ(5¯−3) + χ(5¯2)),
Θ11 = −χ(10) + χ(5¯−3) + χ(5¯2), Θ22 = χ(10)− (χ(5¯−3) + χ(5¯2)), (4.74)
and the other components are zero. From the explicit intersection numbers by using the
G4-flux (4.55), ΘΛΣ is computed to be
Θ23 = −3a+ 2b , Θ24 = 3a− 2b , Θ33 = 3a− 2b , (4.75)
Θ44 = −3a+ 2b , Θ45 = 24a− 8b , Θ55 = 99a+ 254b ,
and the other components are zero. The chirality of (4.73) is precisely reproduced by
comparing (4.74) with the explicit expressions (4.75).
4.2.4 Comparison with split spectral cover
Having obtained the chirality (4.73) from the formula (2.1), we compare the results with
the ones from the (4 + 1) split spectral cover model.
As for the U(1)X ∈ SU(5)⊥, we consider the generator (1, 1, 1, 1,−4) ∈ SU(5)⊥. Then,
we have the matter fields localized on the GUT surface Sb
101, 5¯−3, 5¯2, (4.76)
where subscript denotes the charge under the U(1)X . The 5¯−3 representation matter fields
are localized along a3,2 = w = 0 and the 5¯2 matter fields are localized along a1a4,3 −
a2,1a3,2 = w = 0. The chirality formulas for 10 and 5¯ matter are [9, 10]
χ10 = (−λη˜ +
1
4
ζ) · (η˜ − 4c1(Sb)), (4.77)
χ5¯−3 = λ(−η˜
2 + 6η˜ c1(Sb)− 8c
2
1(Sb)) +
1
4
ζ(−3η˜ + 6c1(Sb)), (4.78)
χ5¯2 = λ(−2η˜ c1(Sb) + 8c
2
1(Sb)) +
1
4
ζ(4η˜ − 10c1(Sb)), (4.79)
where η˜ = η − c1(Sb) and η is related to the first Chern class of the normal bundle (4.39).
ζ is a flux part on S, namely ζ ∈ H2(Sb,Z). In the current example (4.41), ζ can be chosen
as
1
4
ζ = (aH + bS)|Sb . (4.80)
Then, the chirality formulas (4.77)–(4.79) can be computed as
χ10 = 3a− 2b− 38λ, χ5¯−3 = −21a+ 6b− 22λ, χ5¯2 = 24a − 8b− 16λ. (4.81)
For the comparison with the results of (4.73) note that we turn on the G4 flux only in the
direction of the U(1)X (4.55). This corresponds to the case where λ = 0 in the (4+1) split
spectral cover model. By putting λ = 0, (4.81) exactly reproduce the chirality formulas
(4.73) when we identify 14ζ with FX .
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5. Conclusions
In this paper we discussed the determination of the net chiral matter spectrum of a four-
dimensional F-theory compactification on a singular Calabi-Yau manifold X4. We argued
that the description of F-theory as a limit of M-theory allows to extract these data on
the resolved fourfold X˜4 with G4 flux. The resolution is physical in the effective three-
dimensional theory obtained from M-theory on X˜4, and corresponds to moving to the
Coulomb branch of the gauge theory. Due to the G4 fluxes the resulting theory contains
Chern-Simons couplings, proportional to ΘΛΣA
Λ ∧ FΣ, for the U(1) vector fields AΛ. In
contrast, such couplings are not induced by a classical circle reduction of a general four-
dimensional N = 1 theory which arises as the low energy limit of F-theory on X4. However,
upon reduction to three dimensions the charged matter becomes massive in the Coulomb
branch of the gauge theory. This precisely corresponds to the resolution process of X4
to X˜4. The Chern-Simons couplings are then induced by one-loop corrections with the
massive charged matter running in the loop. Matching the Chern-Simons couplings of
the fluxed M-theory reduction with the one-loop corrections in the F-theory reduction, we
argued that the map between G4 fluxes and net chiral matter can be inferred.
The study of one-loop corrections in the three-dimensional Chern-Simons theory re-
quires the knowledge of the U(1) charges, as well as some positivity properties of the scalars
in the three-dimensional vector multiplets. Geometrically this corresponds to the fact that
curves associated to the singularity resolution can have positive or formally negative vol-
ume. This led us to introduce the relative Mori cone which contains all effective curves of
X˜4 which shrink to points in X4. A detailed map between these curves and the weights
of different representations of the matter fields allowed a deeper understanding of the res-
olution process at co-dimensions two and three where matter and Yukawa couplings are
localized. With this data at hand the one-loop Chern-Simons couplings can be evaluated
and matched with the G4 flux result ΘΛΣ. The expressions manifestly depend on the num-
ber of charged fermions and led to a computation of the chiral index χ(R). While we have
shown this for single non-Abelian gauge groups quite generally, it would be interesting to
find a more group-theoretic reasoning that the index χ(R) can always be extracted.
An analysis of the extended relative Mori cone using the X˜4-intersection numbers
resulted in a detailed map between weights and resolution curves. We then proposed a
formalism to determine the matter surfaces SR which extract the chiral index directly
from viable G4-fluxes via χ(R) =
∫
SR
G4. We have shown that SR can be constructed
for a chosen weight of the representation R. Only the integral χ(R) is independent of the
weight and the topological phase of the resolution. From the Chern-Simons analysis one
realizes that χ(R) can be written as χ(R) = tΛΣR ΘΛΣ, where t
ΛΣ
R is either determined from
the matter surface, or from the charges and positivity properties of the curve classes. It
would be nice to work out more details of the map from the resolution geometry to tΛΣR .
In the last part of the paper we have evaluated the net chirality for two specific examples
with SU(5) and SU(5)×U(1)X gauge group. We have found that in the first example there
is a single parameter encodingG4 flux which preserves four-dimensional Poincare´ invariance
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and does not break the SU(5) gauge symmetry. This is consistent with a spectral cover
construction. However, our construction does not depend on the existence of a globally
valid spectral cover description. In the second example we only included the U(1)-flux
gauging the U(1)X , and determined the induced net chirality. The result was successfully
matched with the split spectral cover construction for states localized on the SU(5) brane.
The number of singlets localized away from the SU(5)-brane can equally determined using
our construction. Both the Chern-Simons analysis as well as the explicit construction of
the matter surfaces led to matching answers. It would be interesting to generalize the flux
in this configuration. It can indeed be checked that there exists a one-parameter family of
G4 fluxes which do break SU(5) and induce new chiral fields. Matching with a global split
spectral cover is hard in this case, since this universal flux is not entirely localized on the
SU(5)-brane, and our model has no heterotic dual. So while it is straightforward to evaluate
the chirality using our formalism, there are not many results with which we can compare
the answer. One other issue, which we addressed only briefly, is to determine the correct
quantization conditions on the parameters determining the flux G4. It is straightforward to
compute the second Chern class for our examples which is required to evaluate (2.16). The
complication lies in the determination of a minimal integral basis of H4(X˜4,Z). It would
be interesting to do that for both the SU(5) and SU(5) × U(1)X model, e.g. by using the
explicit hypersurface equation and resolution. One expects also an interpretation of these
quantization conditions in the three-dimensional Chern-Simons theory.
An interesting extension of this work would be the systematic study of more compli-
cated examples with varying gauge groups and representations. This includes cases with
multiple non-Abelian factors, to which our formalism has to be extended. Furthermore, al-
ready the exceptional gauge group cases might yield some interesting new properties which
can be studied for a given X˜4. Much of our formalism can be algorithmically implement in
a computer search. One of the main challenges will remain the systematic implementation
of the quantization conditions.
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Appendices
A. Six-dimensional matter via five-dimensional loops
In this appendix we describe how the 6d F-theory spectrum can be extracted from a 5d
compactification of M-theory on a resolved Calabi-Yau threefold. Six-dimensional F-theory
compactifications have been reviewed in detail in [46].10 A more complete analysis of the
6d effective action and the analysis of the spectrum using loop corrections of 5d Chern-
Simons theory can be found in [30]. If this is done for a resolved threefold X˜3 the resulting
5d N = 2 theory will be in its Coulomb branch. In the effective theory one will find a
Chern-Simons coupling of the form
S
(5)
CS =
∫
M4,1
KABCA
A ∧ FB ∧ FC (A.1)
where AA are the 5d vectors which arise by expanding the M-theory three-form into a basis
of (1, 1)-forms of X3. The coefficients KABC in (A.1) are precisely the intersection numbers
of X˜3. One realizes that upon lifting these couplings to an F-theory compactification to
six dimensions, terms coupling with Kijk, i.e. the intersections of the exceptional divisors
for the resolved singularities, are absent at in the tree-level effective action. In fact, it
is known that these couplings precisely arise from a one loop correction to the 5d gauge
theory with Coulomb-branch U(1)’s Ai. On the gauge theory side these corrections can also
be determined in terms of the number of hypermultiplets in various representations which
became massive when going to the Coulomb branch. In other words, in the 5d theory one
precisely finds the link of the intersection numbers Kijk with the charged matter spectrum.
Five dimensional gauge theories with matter fields have a prepotential of the form [25]
F = 12m0hijξ
iξj + 16cclassdijkξ
iξjξk + 112
(∑
R
|R · ξ|3 −
∑
f
∑
w∈Wf
|w · ξ +mf |
3
)
, (A.2)
where hij = Tr(TiTj) and dijk =
1
2TrTi(TjTk + TkTj) with Ti the Cartan generator of a
gauge group G. R are the roots of G, Wf are the weights of G in the representation of
rf . The first two terms of (A.2) are the classical terms and the last two terms of (A.2) are
the quantum contributions of massive charged vector and matter multiplets. ξi is a real
scalar field in a vector multiplet. Geometrically, ξi comes from the dimensional reduction
of Ka¨hler forms which are Poincae´ dual to exceptional divisors J˜ = ξiωi. It is not hard
to compare the field theoretic expression (A.2) with the pre-potential F(ξi) = 16Kijkξ
iξjξk
arising in the M-theory compactification, and derive the identification of the coefficients
Kijk with the number of charged matter fields in the various representations.
Let us now see more explicitly how the matter content in five dimensional SU(N) gauge
theories is determined from the triple intersection numbers of the exceptional divisors. The
10An incomplete list of recent works on this subject includes [47, 48, 49].
– 42 –
prepotential (A.2) for SU(N) gauge theories can be written as
1
6Kijkξ
iξjξk = 112
(
(2−2nAdj)
N∑
I<J
(aI−aJ)3+2cclass
N∑
I=1
(aI)3−nAS
N∑
I<J
|aI+aJ |3−nF
N∑
I=1
|aI |3
)
,
(A.3)
where aI ’s are vevs of a vector multiplet Φ = diag(a1, · · · , aN ) and parameterize the
Coulomb branch. Here we include the contribution from matter in the adjoint representa-
tion, the fundamental representation and the anti-symmetric representation. We suppress
the contribution from the symmetric representation fields since their contribution is the
same as the one from an anti-symmetric tensor and eight fundamentals. Note that to
compare this term with the expression obtained by the Calabi-Yau reduction of M-theory
one has to identify the aI , I = 1 . . . N with the N − 1 expansion coefficients of the rescaled
Ka¨hler form J = ξiωi as
a1 = ξ1, aN = −ξN−1, (A.4)
aI = ξI − ξI−1, I = 2, . . . , N − 1 (A.5)
We can write general expressions for the matter content of the fundamental representa-
tion matter and anti-symmetric representation matter in SU(N) gauge theories in terms of
the triple intersection numbers by exploiting the relation (A.3), . The formulas in the case
of nAS = 0 was obtained in [25] purely from geometry. We propose the generalization of the
results including anti-symmetric representation matter assuming (A.3). We also assume
that there are only fields in the adjoint representation, the fundamental representation and
anti-symmetric representation. We propose the generalized formulas are
D2jDj+1 +DjD
2
j+1 = 2nAdj − 2, (A.6)
D3j = 8− 8nAdj − anAS − bnF, (A.7)
DiDjDk = 0 or nAS, (A.8)
where i, j, k in (A.8) are all different. The coefficient of a and b in (A.7) can be determined
in the following way. The parameters of the Coulomb branch, namely wf · ξ = a
I for
a fundamental representation weight wf and was · ξ = a
I + aJ for an anti-symmetric
representation weight was, are positive or negative depending on the sub-wedge of the
Weyl chamber in the Coulomb branch. For each phase, there are some weights whose signs
change after one subtracts a simple root from them. Then, a and b are determined by
counting how many simple roots αj corresponding to Dj have such a feature.
For example, let us consider the relative Mori cone for the phase I in (4.3).11 In this
phase, a1, a2 are positive and a3, a4, a5 are negative. Then, we have the relation
e2 · ξ − (e2 − e3) · ξ = e3 · ξ. (A.9)
11Although the relative Mori cone for the phase I was determined from the Calabi–Yau fourfolds (4.1), one
can also obtain the same relative Mori cone for a Calabi–Yau threefold with a similar singularity structure.
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Hence, b = 1 for D32 where D2 corresponds to a simple roots e2 − e3 and b = 0 for the
other D3j ’s. For the 10 weights, the sign for the Coulomb branch parameters are depicted
in Figure 1. The sign change happens from a2+ a4 to a3+ a4 and from a2+ a5 to a3+ a5.
Then, we have the relations
(e2 + e4) · ξ − (e2 − e3) · ξ = (e3 + e4) · ξ, (A.10)
(e2 + e5) · ξ − (e2 − e3) · ξ = (e3 + e5) · ξ. (A.11)
Hence, a = 2 for D32 and a = 0 for the other D
3
j ’s. Schematically, a and b for the triple
intersection D3j are written as
a = #(ej − ej+1) s.t. was(+)− (ej − ej+1) = was(−), (A.12)
b = #(ej − ej+1) s.t. wf (+)− (ej − ej+1) = wf (−) (A.13)
for each phase. Note that the formulas (A.6)–(A.8) are enough to determine the three
unknown parameters nAdj, nAS and nF. We have checked that the proposed formulae
(A.6)–(A.8) correctly reproduce the relation (A.3) at least for SU(5), SU(6) and SU(7)
gauge theories.
For completeness, we review how to obtain the matter spectrum in six-dimensional
theories from F-theory compactifications. The matter content of six-dimensional theories
are constrained from the anomaly cancellation conditions [50]. The anomaly cancellation
via Green-Schwarz mechanism [51, 52] requires that the anomaly eight-form should be fac-
torized in a particular way. F-theory compactifications require that Calabi–Yau threefolds
X3 have an elliptic-fibration over the surface B2. Then, the matter content from F-theory
compactifications on X3 is [50]
index(Ada)−
∑
r
index(ra)nra = 6(KB2 ·Da), (A.14)
yAda −
∑
r
yranra = −3(Da ·Da), (A.15)
xAda −
∑
r
xranra = 0, (A.16)∑
r,r′
index(ra)index(r
′
b)nrarb = (Da ·Db), (A.17)
where Da is a curve where a 7-brane wraps on. The matter in the representations Ada, ra
are localized on the 7-brane wrapping on the curve Da. xra , yra are defined as the coeffi-
cients in the decomposition
trraF
4 = xratrF
4 + yra(trF
2)2, (A.18)
Here we assume that ra has two independent fourth order invariants. If ra has only one
fourth order invariant, then xra = 0. Let us see the formulas (A.14)–(A.17) more explicitly
for an SU(N) case. The coefficients in (A.18) are
trAdjF
4 = 2NtrF 4 + 6tr(F 2)2, (A.19)
trASF
4 = (N − 8)trF 4 + 3(trF 2)2, (A.20)
– 44 –
for the SU(N) case. The index of each representation is
index(F) = 1, index(AS) = N − 2, index(Adj) = 2N. (A.21)
Inserting (A.19)–(A.21) into (A.14)–(A.16), we find
nAdj = g, nAS = −(K ·D), nF = −8(KB2 ·D)−N(D ·D), (A.22)
where g is a genus of the curve D on which the SU(N) 7-branes wrap.
The formulas (A.14)–(A.17) determine the spectrum for charged matter fields in six-
dimensional theories from F-theory compactifications. They are written by the local ge-
ometric data on the base B2. On the other hand, the matter content of five-dimensional
gauge theories are characterized by the intersection between the exceptional divisors of
resolved Calabi–Yau threefolds X˜3. Both spectrum should be the same due to the duality
between M-theory and F-theory. For SU(N) gauge theories, the spectrum obtaining from
the formulas (A.6)–(A.8) from five-dimensional theories should match the spectrum from
the six-dimensional theories formulas (A.22). Indeed, we have explicitly checked the exact
matching of the charged matter spectrum in several examples of SU(5) gauge theories.
B. Mori cone of hypersurfaces in toric varieties
We review how to obtain the generators of the Mori cone systematically by following the
algorithm presented in [39, 40, 41]. We consider a hypersurface in a ambient toric space.
Note that this algorithm can be also applied to complete intersections in principle. Let
the polar polyhedron of the ambient toric space be ∆∗ which is d dimension. For example,
d = 5 for Calabi–Yau fourfold hypersurfaces. We denote the vertices of ∆∗ by ν∗(i), where
i labels the vertices. The origin of ∆∗ is chosen to be ν∗(0). We first derive the generators
of the Mori cone for the ambient toric space ∆∗. Then, we have to specify a particular
star triangulation. This means that we subdivides ∆∗ into a set of d dimensional simplicies
where every simplex includes the vertex ν∗(0). This triangulation procedure is not unique.
We have in general many triangulations from one ∆∗, namely we have different Calabi–Yau
hypersurfaces from the triangulation.
Let us pick one of the star triangulations. The generators of the Mori cone for this
particular star triangulation of the ambient toric space ∆∗ can be obtained systematically
in the following way [39]:
1. Extend the vertices ν∗(i) to ν¯∗(i) = (1, ν∗(i)).
2. Take all the pairs of the d dimensional simplicies (Sk, Sl) which share a (d − 1)
dimensional simplex
3. For each pair, find a linear relation
∑
i ℓ
k,l
i ν¯
∗(i) = 0 among the vertices of Sk ∪ Sl.
Furthermore, the coefficients ℓk,li should be minimal integers and the coefficients of
the points (Sk ∪ Sl) \ (Sk ∩ Sl) should be non-negative.
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4. Find a set of generators ℓi which express any ℓ
k,l
i of all the phases by the linear com-
bination of the elements in the set with positive integer coefficients. The generators
ℓi are the generators of the Mori cone of ∆
∗ of a particular phase.
So far we have determined the generators of the Mori cone for the toric ambient space
∆∗. Let us next turn to the generators of the Mori cone of Calabi–Yau hypersurfaces in
the ambient space. In general, the Mori cone of an ambient space is different from the
Mori cone of a hypersurface in the ambient space. In order to see how the Mori cone
changes for hypersurfaces, let us see how the Ka¨hler cone, which is dual to the Mori cone,
changes for hypersurfaces first. The different Ka¨hler cones from the different triangulations
of the ambient space are connected through the boundaries of the Ka¨hler cone. They are
related to each other by flop transitions. Let us focus on one of the walls of the Ka¨hler
cone of the ambient space. When one passes the wall of the Ka¨hler cone, a submanifold
of the ambient space in one phase blows down on one side and another submanifold of the
ambient space in another phase emerges on the other side of the wall. By restricting to the
hypersurface in the ambient space, the submanifold which is flopped may not be contained
in the hypersurface. In that case, the wall describing the flop of the ambient space is not
a part of the Ka¨hler cone of the hypersurface. Hence, we have to connect the two Ka¨hler
cones of the ambient space. By checking all the walls of the Ka¨hler cones of the ambient
space and removing the walls which are not related to the flops in the hypersurface, one
can obtain the enlarged Ka¨hler cone of the hypersurface. The dual to the union of the
Ka¨hler cones is the intersection of the corresponding Mori cones. Therefore, we consider
the intersection of the Mori cones which characterizes one phase for the hypersurface in
the ambient space.
For the ambient toric space, this procedure can also be computed systematically by
exploiting the Stanley-Reisner ideal of the ambient toric space [40]:
1. Find all pairs of the triangulations which are related to each other by a flop through
the co-dimension one boundary of the Ka¨hler cones.
2. For each pair, pick up a generator of the Mori cone which blows down/up through
the wall.
3. Determine a submanifold which contains the curve from the negative intersection
numbers. The submanifold can be written by the intersection of the divisors of the
ambient toric space.
4. Restrict a Calabi–Yau hypersurface equation on the intersection of the divisors.
5. If the hypersurface equation reduces to a monomial and the reduced defining equation
is not compatible with the Stanley-Reisner ideal, then the flop does not exist in the
hypersurface. If not, the flop exists in the hypersurface.
6. Try the procedures 3 ∼ 5 for all the pairs.
– 46 –
7. Take the intersection of the Mori cones which are related by the flops which do not
exist in the hypersurface. The generators of the intersection of the Mori cones are
the generators of the Mori cone of the hypersurface.
Note that we only use the information of the hypersurface for writing down its defining
equation. Since we can also write down the defining equation of complete intersections in
the ambient toric variety, we can in principle apply this procedure to complete intersection
Calabi–Yau manifolds.
Actually, there is a shortcut for the above procedures. Since the different phases of
Calabi–Yau hypersurfaces have distinct intersection numbers, one can find a set of Mori
cones which describes one phase of the hypersurface. The intersection numbers of hyper-
surfaces can be computed by restricting the ambient space divisors to the hypersurface. If
all intersection numbers of the hypersurface are equal for some phases of the ambient toric
space, they are actually a single phase of the hypersurface. Therefore, we can obtain the
Mori cone for the hypersurface from the intersection of the Mori cones which generate the
same intersection numbers on the hypersurface.
C. Resolution from Tate form
In the section 4.1.1, we have determined the degeneration of the X˜4-fibers from the Mori
cone of the Calabi–Yau fourfold (4.1). In this appendix, we describe the degeneration from
the direct analysis of the defining equation. The procedure applied here essentially follows
[18] but for the case a6 6= 0. The defining equation of the elliptically fibered Calabi–Yau
fourfold can be written by the Tate form
P = {y2 + a1xyz + a3yz
3 = x3 + a2x
2z2 + a4xz
4 + a6z
6}. (C.1)
For the Calabi–Yau fourfold X4, the divisors D1,2,3 corresponds to y = 0, x = 0, z = 0
respectively.12 If one imposes the A4 singularity along the w = 0, then the coefficients of
(C.1) have to take special forms
a1 = a1, a2 = a2,1w, a3 = a3,2w
2, a4 = a4,3w
3, a6 = a6,5w
5. (C.2)
In our example, w = 0 is the divisor D4. Introducing the divisors D9, · · ·D12 resolve the
A4 singularity. The resolution process is
(x, y, w)→ (x˜E1, y˜E1, w˜E1), (C.3)
y → y1w (x, y1, w)→ (x˜E4, y˜1E4, w˜E4), (C.4)
x→ x1w (x1, y1, w)→ (x˜1E2, y˜1E2, w˜E2), (C.5)
y1 → y2w (x1, y1, w)→ (x˜1E3, y˜2E3, w˜E3), (C.6)
12To be precise, D1,2,3 are the divisors defined by the coordinates after the resolution.
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where E1 = 0, E2 = 0, E3 = 0, E4 = 0 denote the divisors D9,D11,D12,D10 respectively.
Note that for each line, we omit tilde when one moves on to the next line. Hence the
resolution can be summarized as
(x, y, w)→ (x˜E1E
2
2E
2
3E4, y˜E1E
2
2E
3
3E
2
4 , w˜E1E2E3E4). (C.7)
By the resolution (C.7), the proper transform of the defining equation (C.1) of the Calabi–
Yau fourfold becomes
P˜ = {y2E3E4 + a1xyz + a3,2yz
3E20E1E4 = x
3E1E
2
2E3 + a2,1x
2z2E0E1E2
+a4,3xz
4E30E
2
1E2E4 + a6,5z
6E50E
3
1E2E
2
4}. (C.8)
where we rewrite w → E0 since the E0 = 0 divisor correspond to a extended node of the
extended A4 Dynkin diagram.
The curve corresponding to the negative simple roots of the SU(5) can be described
by the intersection
e1 − e5 = Sˆ ·Dα ·Dβ , −e1 + e2 = B1 ·Dα ·Dβ, −e2 + e3 = B3 ·Dα ·Dβ,
−e3 + e4 = B4 ·Dα ·Dβ, −e4 + e5 = B2 ·Dα ·Dβ, (C.9)
in the hypersurface. Dα and Dβ also satisfy the condition
S ·B Dα ·B Dβ = 1. (C.10)
One can always write down the negative simple roots from the intersection of the divisors
due to the intersection (2.13). The intersection (C.9) in the hypersurface can be promoted
to the intersection in the ambient space by further intersecting with the defining equation
(C.8). When one restricts on the divisors Di to consider the curves C−αi , the defining
equation (C.8) is further reduced. Then, (C.9) become
Ce1−e5 = E0 ∩ y
2E3E4 + a1xyz − x
3E1E
2
2E3, (C.11)
C−e1+e2 = E1 ∩ y
2E3E4 + a1xyz, (C.12)
C−e2+e3 = E2 ∩ y
2E3E4 + a1xyz + a3,2yz
3E20E1E4, (C.13)
C−e3+e4 = E3 ∩ (a1xyz + a3,2yz
3E20E1E4 − a2,1x
2z2E0E1E2
−a4,3xz
4E30E
2
1E2E4 − a6,5z
6E50E
3
1E2E
2
4), (C.14)
C−e4+e5 = E4 ∩ a1xyz − x
3E1E
2
2E3 − a2,1x
2z2E0E1E2. (C.15)
Here we omit the intersection Dα · Dβ in (C.9) since it is common for all the cases. If a
divisor is written as E1 for example, it should be understood as E1 = 0.
Let us focus on the chain of the degeneration A4 → D5 → E6 and A4 → D5 → D6 for
the phase I. Other chains and other phases can be understood in a similar manner. The D5
singularity enhancement locus is characterized by a1 = 0
13. Along the locus a1 = 0, two of
13To be precise, a1 can be written as a1 = a1,0+a1.1w+· · · . The 10 matter curve is obtained by imposing
both a1,0 = 0 and w = 0. The latter condition is the restriction to Sb. From these two conditions, the 10
matter curve can be characterized just by a1 = 0.
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the curves of (C.11)–(C.15) further degenerate into smaller components. The curves along
a1 = 0 are
Ce1−e5 → E0 ∩ y
2E4 − x
3E1E
2
2 , (C.16)
C−e1+e2 → E1 ∩ E4, (C.17)
C−e2+e3 → E2 ∩ E4, E2 ∩ yE3 + a3,2z
3E20E1, (C.18)
C−e2+e3 → E3 ∩ (a3,2yzE0E4 − a2,1x
2E2 − a4,3xz
2E20E1E2E4
−a6,5z
4E40E
2
1E2E
2
4), (C.19)
C−e4+e5 → E4 ∩ E1, E4 ∩ E2, (C.20)
E4 ∩ −xE2E3 − a2,1z
2E0. (C.21)
In order to obtain this decomposition, we use the Stanley-Reisner ideal (4.22) for the
phase I. Note that the curves corresponding to the weights −e2 + e3 and −e4 + e5 further
decompose and one can identify them with the weights
E2 ∩ E4 → C−e2−e4 , (C.22)
E2 ∩ yE3 + a3,2z
3E20E1 → Ce3+e4 , (C.23)
E4 ∩ −xE2E3 − a2,1z
2E0 → Ce1+e5 . (C.24)
This is consistent with the decomposition of (3.22) and (3.23). The intersection between
the curves of (C.16)–(C.21) form the extended D5 Dynkin diagram as depicted in Figure
2.
The E6 enhancement point is characterized by a1 = 0 and a2,1 = 0. The curves of
(C.19) and (C.21) further degenerate as
C−e2+e3 → E3 ∩ E4, (C.25)
E3 ∩ a3,2yz − a4,3xz
2E0E1E2 − a6,5z
4E30E
2
1E2E4, (C.26)
Ce1+e5 → E4 ∩ E2, E4 ∩ E3. (C.27)
The other curves do not change. The identification of the weights is
E3 ∩E4 → C−e3 , (C.28)
E3 ∩ (a3,2yz − a4,3xz
2E0E1E2 − a6,5z
4E30E
2
1E2E4) → Ce4 . (C.29)
(C.30)
Therefore, we have six curves altogether
Ce1−e5 , C−e1+e2 , C−e2−e4 , Ce3+e4 , C−e3 , Ce4 (C.31)
at the E6 singularity enhancement points. They form the E6 Dynkin diagram as depicted
in Figure 2.
The D6 enhancement point, on the other hand, is characterized by a1 = 0 and a3,2 = 0.
Then, (C.19) decomposes as
C−e2+e3 → E3 ∩ E2, E3 ∩ α1x+ β1z
2E20E1E4, (C.32)
E3 ∩ α2x+ β2z
2E20E1E4, (C.33)
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where α1,2, β1,2 are constants which satisfy α1α2 = −a2,1, α1β2 + α2β1 = −a4,3, β1β2 =
−a6,5. The identification of the components in (C.33) with the weights is
E3 ∩ E2 → Ce3+e4 , (C.34)
E3 ∩ α1x+ β1z
2E20E1E4 → C−e3 , (C.35)
E3 ∩ α2x+ β2z
2E20E1E4 → C−e′3 . (C.36)
Hence we have seven curves altogether
Ce1−e5 , Ce1+e5 , C−e1+e2 , C−e2−e4 , Ce3+e4 , C−e3 , C−e′3 (C.37)
at the D6 singularity enhancement points. They form the extended D6 Dynkin diagram
as depicted in Figure 2.
Figure 4: The chain of the Dynkin diagrams for the phase II. The number in the nodes denotes
the multiplicity.
Figure 5: The chain of the Dynkin diagrams for the phase III. The number in the node denotes
the multiplicity.
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One can also do the same computation for the other phases. The chains of the Dynkin
diagrams for the phase II are depicted in Figure 4 and the ones for the phase III are depicted
in Figure 5. For the phase II, the E6 enhancement points generate a T
−
3,3,3 diagram, not
the E6 Dynkin diagram. The two 10 weights and one 10 weights form the junction-type
intersection in the T−3,3,3 in Figure 4. The phase II is the only phase where three 10 or 10
weights appear in the generators of the Mori cone. This may be a criterion to see whether
the degeneration generates the E6 Dynkin diagram or T
−
3,3,3 diagram from the generators
of the relative Mori cone.
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